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MONODROMY IN WEIGHT HYPERGRAPHS AND ITS APPLICATIONS TO TORUS ACTIONS
GRIGORY SOLOMADIN
ABSTRACT. In this paper, we present a necessary condition for a non-singular projective variety with an effective alge-
braic torus action of positive complexity with isolated fixed points to be a toric variety. Themethod is based on the mon-
odromy map on the weight hypergraph associated with the torus action. The introduced notion of a weight hypergraph
generalises the GKM-graph in the case of a torus action satisfying all axioms from the definition of a GKM-manifold, ex-
cept 2-linear independence of weights at fixed points. We apply this method to the generalised Buchstaber-Ray varieties
BRi , j ⊂ BFi ×P
j , i , j > 0, as well as the Ray’s varieties Ri , j ⊂ BFi ×BF j and give a full list of toric varieties among them.
The importance of the varieties Ri , j is due to the problem of representatives in the unitary bordism ring in the family
of quasitoric TTS- and TNS-manifolds. Also in this paper the automorphism group AutHi , j is computed for the Milnor
hypersurface Hi , j ⊂ P
i ×P j . As a corollary, any effective action of (S1)k on the Milnor hypersurface Hi , j preserving the
natural complex structure has k 6max{i , j }.
1. INTRODUCTION
In [27], N. Ray introduced the stably complex submanifolds B(i , j ) in the Cartesian product of two bounded
flagmanifolds BFi ×BF j . By the definition, such a submanifold is the dualisation ([28]) of the linear vector bundle
βi ⊗β
′
j
on BFi ×BF j , equipped with the particular non-standard stably complex structure (see Section 2). The
manifolds B(i , j ) served as a family of multiplicative generators in the complex bordism ringΩU∗ of a point (similar
to the well-knownMilnor hypersurfaces Hi , j ). It was shown in [27], that these manifolds share the TTS- and TNS-
properties (unlike Hi , j ). By the definition, these properties are the splitting of the stably tangential and stably
normal vector bundles into the sums of complex linear vector bundles, resp.
In [25], the dualisationofβi⊗β′j on the toric variety BFi×BF j was givenby explicit equation as a smooth complex
hypersurface (divisor) in BFi ×BF j . We denote such a hypersurface by Ri , j and call it the Ray’s hypersurface. In a
similar fashion to the above manifolds, Ri , j are TTS- and TNS-manifolds and constitute a family of multiplicative
generators of the ringΩU∗ .
In [5], the Buchstaber-Ray varieties BRi , j were introduced for 06 i 6 j . The hypersurface BRi , j is the dualisa-
tion of βi ⊗η′ over BFi ×P j , 06 i 6 j , where P j denotes the j -dimensional complex projective space. Remind that
a complex normal variety Xn is called a toric variety if it admits an effective action of the algebraic torusTn = (C×)n
with a dense open orbit [16]. The varieties BRi , j are toric TTS-generators ofΩ
U
∗ (06 i 6 j ). However, BRi , j are not
TNS-manifolds, generally speaking. In [7], the diamond sum operation was introduced, in order to replace a dis-
joint union of two quasitoric manifolds (in sense of [13]) by a complex bordant quasitoric manifold. As a corollary
([7]), in any class x ∈ΩU2n a quasitoric representative was constructed from the Buchstaber-Ray varieties, n > 1.
It remained unknown whether Ri , j are toric varieties. The importance of this question is due to the problem of
representatives of the complex bordism ringΩU∗ in the family of quasitoric TTS- and TNS-manifolds. This problem
was completely solved in [25], by constructing a family of toric TTS- and TNS-manifolds whose bordism classes
multiplicatively generate the ring ΩU∗ . However, this construction is rather involved. On the other hand, if Ri , j
would be toric varieties, then they form a family of toric TTS- and TNS-generators of ΩU∗ , which is simpler to
describe. This provides a motivation to study torus actions on the aforementioned varieties.
The Picard group Pic(BFi ×BF j ) is isomorhic to H2(BFi ×BF j ;Z) (see [21, p.127, §15.9]). It implies that the first
Chern class c1(βi ⊗β′j ) does not belong to the cone of effective classes (spanned by maximal torus-invariant effec-
tive divisors of the toric variety), hence it is not represented by any non-singular closed subvariety of codimension
1 in X (see [9]). This justifies our choice of the linear bundle βi ⊗β′j on BFi ×BF j . The choice of the particular
variety Ri , j among all possible dualisations of βi ⊗β′j on BFi ×BF j is due to its relation to the well-known Milnor
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hypersurfaces, leading to rich geometric structures on Ri , j . It is also worth noting that for a projective non-singular
variety, the property to be a toric variety holds under any isomorphism.
There is no difference in considering algebraic automorphisms or biholomorphic transformations on a com-
plete complex nonsingular variety X. Therefore, algebraic geometry methods may be applied to study maximal
tori in such a group. An important condition on the variety X is that the group of automorphisms AutX of X is
algebraic. In this case, all maximal tori are conjugate in AutX. Due to that reason, a particular effective Tk-action
on a given variety Xn gives information about all maximal torus actions on Xn . We also remark that any smooth
action of the compact torus Tk = (S1)k on a complete non-singular complex variety Xn preserving the complex
structure extends (by exponential map) to the action of the algebraic torus Tk on Xn . For example, the natural
action of Tn+1 : Gr2(Cn+2) is maximal (in a sense that there is no equivariant embedding of Tn+1 to the torus of
greater dimension, acting on Gr2(Cn+2)), since the group AutGr2(Cn+2) of automorphisms of the Grassmanian of
2-planes in Cn+2 is algebraic and has rank n+1 (see [11], cf. [24]).
Given a non-singular projective variety Xn and a number k, the non-existence of an effective Tk-action on Xn
maybe studied by differentmeans. First, in case of k =n, the homogeneous ideal of any closed immersionof a toric
variety Xn → PN is prime and unital binomial. The converse also holds ([29]), however the binomiality property
is not easy to verify. Secondly, there is no effective Tk-action on X, provided that one knows that the group AutX
is algebraic and has rank less than k. Third method is the estimate on the dimension of a torus extending a given
GKM-action, based upon the application of GKM-theory [24]. Finally, we mention the theory of Cox rings which
reduces the study of automorphisms of algebraic varieties to the study of graded factorial algebras’ automorphisms
[1]. In this paper, we apply the second and third methods to study torus actions on the non-singular projective
varieties Hi , j , BRi , j and Ri , j .
One can prove that the Milnor hypersurface Hi , j ⊂Pi ×P j is not toric for i , j > 2 by comparing its cohomology
ring with the cohomology ring of a projective toric variety ([5], [8]). In order to study possible torus actions on
Hi , j of positive complexity, we compute the automorphism group AutHi , j for the Fano variety Hi , j (see Theorem
5.7), generalising several known descriptions (for example, Fano 3-fold H1,3 in [10, Lemma 4.5]). This computation
implies
Theorem1.1. Consider an effective action of the algebraic torusTk by biholomorphic transformations onHi , j . Then
k 6max{i , j }.
The maximum in Theorem 1.1 is attainable, see Section 5.
We define BRi , j for i , j > 0 by explicit equation in BFi ×P j . The variety BRi , j is the dualisation of the vector
bundle βi ⊗η′. We call BRi , j the generalised Buchstaber-Ray variety. The cohomology rings of BRi , j and Ri , j seem
to be computationally too complicated for comparing with a toric description. In order to compute these rings
(Theorem 4.10), we study the geometry of BRi , j , Ri , j by means of blow-ups along subvarieties (Proposition 3.6,
Theorem 3.8; Proposition 3.1, Theorem 3.3) and fiber bundles (Theorems 3.5 and 3.10). We also compute the Betti
numbers of BRi , j and Ri , j using the Hodge-Deligne polynomial (Proposition 4.14).
A required step in considering the closure of 1-dimensional orbits of the non-GKM varieties (i.e. satisfying all
axioms of GKM-variety, except 2-linear independence of weights) is to pass from graphs to hypergraphs, since the
irreducible components of the closure of 1-dimensional orbitsmay be of complex dimension greater than 1. Given
an effective actionTk : Xn with isolated fixed points, such a component is detected by the set of all weights equal up
to sign to a given vector at a fixed point x ∈ XT
k
. In particular, there is no difficulty in defining an axial function of
the hypergraph. In this way, we generalise a GKM-graph to the notion of a weight hypergraph. However, there is no
obvious definition of a connection on a weight hypergraph, since a hyperedge (with fixed origin) has no canonical
choice of end-vertex. In order to carry out computations in such a hypergraph Γ, we consider a suitable subgraph
G(Γ) of Γ, where the standard GKM-definition of a connection makes sense (see Section 6).
We study themonodromy properties in the weight hypergraphs of the algebraic torus actions BRi , j , Ri , j of large
complexity and having 2-linearly dependent weights. As an application, we prove the following two theorems.
Theorem1.2. BRi , j is a toric variety iff 06 i 6 j or j = 0,1.
Theorem1.3. Ri , j is a toric variety iffmin{i , j }= 0,1 or i = j = 2.
We also describe the structure of a toric variety in all positive cases in the above Theorems. Theorem 1.3 gives a
complete answer to the question posed in [25].
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We briefly outline the structure of this paper. Section 2 contains definitions of the varieties BRi , j and Ri , j .
Section 3 contains the blow-up and fiber bundle descriptions of these varieties. In Section 4, the cohomology
rings of BRi , j and Ri , j are computed. Also in Section 4 we compute the Betti numbers of BRi , j and Ri , j . Section
5 includes the necessary facts from algebraic group theory, as well as the computation of AutHi , j and proof of
Theorem 1.1. In Section 6 we remind some basic notions of GKM-theory and study the monodromy in weight
hypergraphs. In Section 7, the proofs of Theorems 1.2 and 1.3 are given.
2. DEFINITIONS
In the following, we consider non-singular projective varieties (where a variety stands for a reduced irreducible
schemeoverC), compact complexmanifolds (bothdenoted by X) and real differentiableC∞-smooth even-dimensional
manifolds (denoted by M). We indicate the complex dimension n of an algebraic variety/complex manifold X by
writing Xn . The real dimension 2n of a real differential smooth manifold M is indicated by writing M2n . We con-
sider topological and algebraic locally trivial fiber bundles, in particular complex vector bundles. Whenever it is
clear from context, the pullback of a vector bundle/sheaf is ommitted. For a Cartesian product X×Y of spaces and
vector bundles/sheaves ξ→X, η→ Y, the pull-backs under the natural projections X×Y→ X, X×Y→ Y are denoted
by ξ,η′→X×Y, resp.
2.1. Generalised Buchstaber-Ray varieties BRi , j . Recall that the Milnor hypersurface Hi , j is the smooth projec-
tive variety in Pi ×P j given by the equation
(1)
min{i , j }∑
k=0
zkwk = 0.
in the homogeneous coordinates ([z0 : · · · : zi ], [w0 : · · · : z j ]) of Pi ×P j . The Milnor hypersurface Hi , j is isomorphic
to the hypersurface Ĥi , j ⊂Pi ×P j given by the equation
(2)
min{i , j }∑
k=0
zi−kw j−k = 0.
We use both forms (1), (2) henceforward, depending on the convenience.
The Milnor hypersurface Hi , j is the dualisation of the complex linear vector bundle ηi ⊗η′j over P
i ×P j ([28]).
Here ηi and η′j are pull-backs of tautological line bundles over P
i and P j w.r.t. the projection on the first and
the second factors in the Cartesian product Pi ×P j , resp. The bar denotes the corresponding fiberwise complex-
conjugate vector bundle.
Remark 2.1. The map Pi ×P j →P j ×Pi , (z,w) 7→ (w,z), maps Hi , j to H j ,i . Hence,
(3) Hi , j ≃H j ,i .
Recall that the bounded flag variety BFn is a non-singular projective toric variety of dimension n (see [6], [25]).
Choose a basis e0, . . . ,en in Cn+1. Then BFn can be thought of as the set of tuples of lines (l1, . . . , ln ) in Cn+1 s.t.
lk ⊂ lk−1⊕Ck
where Ck :=C〈ek〉 is the line spanned by ek , and l0 :=C0, k = 1, . . . ,n. It follows from the definition that
(4) lk ⊂C〈e0, . . . ,ek 〉,
where C〈e0, . . . ,ek〉 denotes the span of e0, . . . ,ek in C
n+1. Thus, one has the embedding BFn ⊂
∏n
k=1P
k endowing
BFn with the tuple (z1, . . . ,zn) of homogeneous coordinates, where zk := [zk ,0 : · · · : zk ,k] are the homogeneous
coordinates of the line lk in (4). The image of BFn in
∏n
k=1P
k is given by the conditions
(5) rk
(
zk ,0 . . . zk ,k−1
zk−1,0 . . . zk−1,k−1
)
= 1; k = 2, . . . ,n,
These are quadratic equations given by the vanishing of all (2×2)-minors of the matrices (5). By the definition,
the linear vector bundle βk → BFn has the fiber lk over the point (l1, . . . , ln ) ∈ BFn . It is well-known that BRn is
isomorphic to the subsequent blow-up of Pn along strict transforms of the subvarieties {z0 = ·· · = zk = 0} ⊂ P
n in
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any order, where k = 1, . . . ,n−1. On the other hand, BFn =P(βn−1⊕C)→BFn−1 is the projective fiber bundle w.r.t.
the forgetful map
BFn →BFn−1, (l1, . . . , ln ) 7→ (l1, . . . , ln−1).
Here C denotes the trivial linear complex vector bundle over the respective base. Therefore, BFn is a Bott tower,
i.e. it is obtained from the point by iterating the projectivisation of a sum of two linear bundles. The action of
(C×)n : BFn , given by the formula
(6) (t1, . . . , tn )◦ zk = [zk ,0 : t1zk ,1 : · · · : tkzk ,k ], k = 1, . . . ,n,
has a dense open orbit.
The varieties BRi , j , 06 i 6 j , were introduced by V.M. Buchstaber andN. Ray in [5]. We generalise the definition
of the Buchstaber-Ray varieties BRi , j to the case of arbitrary i , j > 0.
Definition 2.2. For any i , j > 0 the (generalised) Buchstaber-Ray variety BRi , j is the hypersurface in in BFi ×P
j
given by the equation
(7)
min{i , j }∑
k=0
zi ,i−kw j−k = 0,
where [w0 : · · · :w j ] are homogeneous coordinates on the second factor P j in BFi ×P j .
The variety BRi , j is the dualisation of the complex linear vector bundle βi ⊗η′j over BFi ×P j . It is a non-singular
projective toric variety for 06 i 6 j [5].
Remark 2.3. If 06 i 6 j , then BRi , j is isomorphic to the hypersurface in BFi ×P j given by the equation
(8)
i∑
k=0
zi ,kwk = 0
However, if i > j > 0 then the form of the equation (7) is essential, since (8) was observed in [25] to be singular for
i = 2, j = 1.
Here is the definition of BRi , j in terms of geometry of bounded flag varieties. Endow Cmax{i , j }+1 with the natural
hermitian metric s.t. the standard basis e0, . . . ,emax{i , j } ∈Cmax{i , j }+1 is orthonormal. Write the elements of BFi ×P j
as the tuples of lines
(
l1, . . . , li , l ′
)
of Cmax{i , j }+1 satisfying the conditions
(9) li−r ⊂ li−r−1⊕Cmax{i , j }−r , l
′
⊂C〈emax{i , j }− j , . . . ,e j 〉,
where l0 =Cmax{i , j }−i , 06 r < i . Then BRi , j is given in BFi ×P j by the (algebraic) condition li ⊥ l ′, i.e. the lines li , l ′
are orthogonal in Cmax{i , j }+1.
2.2. Varieties Ri , j . We introduce the next Definition by following [27], [25].
Definition 2.4. For any 06 i , j , the Ray’s hypersurface Ri , j is the hypersurface of BFi ×BF j given by the equation
(10)
min{i , j }∑
k=0
zi ,i−kw j , j−k = 0,
where (z1, . . . ,zi ), (w1, . . . ,w j ) are the tuples of homogeneous coordinates on BFi , BF j , resp. In particular, R0, j =
BF j−1 and Ri ,1 =BRi ,1 . (Notice, that R0,0 =∅.)
Remark 2.5. The involution BFi ×BF j →BF j ×BFi maps Ri , j to R j ,i . Hence, there is the isomorphism
(11) Ri , j ≃R j ,i .
The form of the equation (10) is essential, see [25].
Here is the definition of Ri , j in terms of geometry of bounded flag varieties. Write the elements of BFi ×BF j as
the tuples of lines
(
l1, . . . , li , l ′1, . . . , l
′
j
)
of Cmax{i , j }+1 satisfying the conditions
(12) li−r ⊂ li−r−1 ⊕Cmax{i , j }−r , l
′
j−q ⊂ l
′
j−q−1⊕Cmax{i , j }−q ,
where l0 = Cmax{i , j }−i , l ′0 = Cmax{i , j }− j , 0 6 r < i ; 0 6 q < j . Then Ri , j ⊂ BFi ×BF j is given by the (algebraic)
condition li ⊥ l ′j .
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3. BLOW-UP AND FIBER BUNDLE STRUCTURES ON BRi , j AND Ri , j
First, we observe that the variety Ri , j is obtained by a sequence of j −1 blow-ups along strict transforms of the
varieties BRi , j−k−1 ⊂ BRi , j , where k = 1, . . . , j − 1, and i , j > 1 (Proposition 3.6). Second, we describe Ri , j as the
blow-up of BFi−1×BF j along
Ri−1, j−1 ⊂BFi−1×BF j−1 ⊂BFi−1×BF j
(or similarly as the blow-up of BFi ×BF j−1 along Ri−1, j−1), i , j > 1 (Theorem 3.8). In this way, Ri , j is an example of
flip. We also give two similar blow-up descriptions for generalised Buchstaber-Ray varieties BRi , j , i , j > 1 (Propo-
sition 3.1, Theorem 3.3). Finally, we present the structures of fiber bundles on BRi , j and Ri , j , see Theorems 3.5 and
3.10, resp.
3.1. GeneralisedBuchstaber-Ray varietiesBRi , j . It is straight-forward to check the following
Proposition 3.1. Let i , j > 0.
(i ) The variety BRi , j is the dualisation of the complex linear vector bundle βi ⊗η′i over BFi ×P
j ;
(i i )The subvariety {z0 = ·· · = zk = 0}∩Ĥi , j ofP
i×P j is isomorphic toHi−k−1, j , where k = 1, . . . , i−1. In particular,
such intersections are transversal in Pi ×P j ;
(i i i ) The variety BRi , j is a strict transform of Ĥi , j under the sequence of consecutive blow-ups of strict transforms
of subvarieties {z0 = ·· · = zk = 0}⊂ P
i ×P j , where k = 1, . . . , i −1. In particular, BRi , j is nonsingular and is obtained
fromHi , j by i −1 blow-ups with non-singular centres.
Remark 3.2. By Proposition 3.1 and since H2,2 is not a toric variety (see [8, Theorem 9.1.5]), the blow-up BR2,2 →
H2,2 is an example of toric variety with an invariant divisor which cannot be blown down in the category of non-
singular projective toric varieties. However, this divisor is the exceptional divisor of a blow-up of a non-singular
projective variety along its non-singular subvariety.
Let i , j > 1. Let E ⊂BFi ×P j be the subvariety given by the algebraic conditions
(13) li−1 ⊥ l ′, l
′
⊥Cmax{i , j } ,
on the tuple (l1, . . . , li , l ′) ∈BFi ×P j . Observe that (9), (13) imply li ⊥ l ′. Hence, E ⊂BRi , j .
Denote the natural inclusion map BRi , j ⊂BFi ×P j from Definition 2.2 by fi , j . Consider the projection
pi : BRi , j →BFi−1×P
j
which is induced by the morphism BFi ×P j →BFi−1×P j omitting li by the definition. Consider the inclusion
g : BFi−1×P
j−1
→BFi−1×P
j
induced by the inclusion P j−1→P j , [w0 : · · · :w j−1] 7→ [w0 : · · · :w j−1 : 0] and identity map on BFi−1 .
Theorem3.3. (i )Normal bundle of the embedding g ◦ fi−1, j−1 : BRi−1, j−1→BFi−1 ×P j is equal to the restriction of
(βi−1⊕C)⊗η′j ;
(i i ) pi : BRi , j → BFi−1×P j is the blow-up along center g ◦ fi−1, j−1 : BRi−1, j−1→ BFi−1×P j with exceptional divisor
E;
(i i i ) E≃P(βi−1⊕C)→BRi−1, j−1;
Proof. The normal bundle of g is isomorphic to the pull-back of the normal bundle of a generic hyperplane in P j .
The normal bundle of fi−1, j−1 is βi−1⊗η′j−1 by Proposition 3.1, (i ). This proves (i ).
The subvariety g ◦ fi−1, j−1(BRi−1, j−1)⊂BFi−1×P j is given by the equations s1 = s2 = 0, where
s1 :=
min{i−1, j−1}∑
k=0
zi−1,i−1−kw j−1−k , s2 :=w j ,
are global sections of the linear vector bundles βi−1 ⊗ η′j and η
′
j
. The blow-up BlBRi−1, j−1 (BFi−1 ×P
j ) is by the
definition is the Zariski closure of subvariety
{[s1 : s2]| (s1, s2) 6= (0,0)}⊂P(βi−1⊗η′j ⊕η
′
j
)→BFi−1×P
j .
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By the definition of bounded flag variety, the total space of the fiber bundle
P(βi−1⊗η′j ⊕η
′
j
)≃P(βi−1⊕C)→BFi−1×P
j
is isomorphic to BFi×P j . The blow-upBlBRi−1, j−1 (BFi−1×P
j ) is therefore isomorphic to the hypersurface inP(βi−1⊕
C) given by the equation
(14) bs1−as2 = 0, a,b ∈C.
One readily identifies (14) with (7) by letting zi = [bs1 : a] (see (12)) and w j =−s2. This proves (i i ).
(i i i ) now follows from (i ) and (i i ). 
Remark 3.4. The fiber of pi over the point L= (l1, . . . , li−1 , l ′) ∈ BFi−1×P j consists of the tuples (l1, . . . , li , l ′) ∈ BRi , j
s.t.
li ⊂ li−1⊕Cmax{i , j }, li ⊥ l ′.
It is equivalent to the equation
(15) 〈zi ,w〉 = a〈zi−1,w〉+b〈w,emax{i , j }〉 = 0,
in a,b, by letting zi = azi−1 + bemax{i , j } for a,b ∈ C. Now we see that the equation (15) has the unique solution
up to multiplication by scalars (i.e. the fiber at L is a point) iff L 6∈ g ◦ fi−1, j−1(BRi−1, j−1). Otherwise, the fiber is
isomorphic to P1, cf. (13).
Theorem3.5. (i ) Let i > j +1. Then there is the (algebraic) fiber bundle
p : BRi , j
BR j+1, j
−→ BFi− j−1 , (z1, . . . ,zi ,w) 7→ (z1, . . . ,zi− j−1);
(i i ) There is the (algebraic) fiber bundle
p1 : BRi ,i
BRi−1,i
−→ P
1,
where p1 maps the point (z1, . . . ,zi ,w) to z1.
Proof. (i ) Let (z1, . . . ,zi ,w) ∈ BRi , j . Observe that w ∈ C〈ei− j , . . . ,e j 〉 and zi− j−1 ∈ C〈e0, . . . ,ei− j−1〉 lie in the null-
intersecting subspaces of Ci . Since zi− j ∈C〈zi− j−1〉⊕Ci− j , there is the natural isomorphism
p−1(z1, . . . ,zi− j−1)→BR j+1, j ,
given by mapping zi− j−1 to ei− j−1 and composing with the shifting isomorphism of C
j+1 ⊂ Ci+1, eq+(i− j−1) → eq ,
q = 0, . . . , j +1. One can check that p is indeed the locally trivial fiber bundle in the Zariski topology.
(i i ) Let (z1, . . . ,zi ,w) ∈BRi ,i . There is the natural isomorphism
p−1(z1)→BRi−1,i ,
given by mapping z1 to e1 and composing with the shifting isomorphism of Ci ⊂Ci+1, eq+1→ eq , q = 0, . . . , i . One
can check that p1 is indeed the locally trivial fiber bundle in the Zariski topology. 
3.2. Varieties Ri , j . We give the basic description of the varieties Ri , j in terms of multiple blow-ups. It is easy to
prove the following
Proposition 3.6. (i ) The variety Ri , j is the dualisation of the complex linear vector bundle βi ⊗β′i over BFi ×BF j ;
(i i ) The subvariety {w0 = ·· · = wk = 0}∩BRi , j of BFi ×BF j is isomorphic to BRi , j−k−1, where k = 1, . . . , j −1. In
particular, this intersection is transversal in BFi ×P j ;
(i i i ) The variety Ri , j is a strict transform of BRi , j under the sequence of consecutive blow-ups along strict trans-
forms of subvarieries {w0 = ·· · =wk = 0}∩BRi , j inBFi ×P
j , where k = 1, . . . , j−1. In particular, Ri , j is a non-singular
projective variety obtained by j −1 blow-ups with non-singular centres.
Let i , j > 1. Consider the subvariety D ⊂ BFi ×BF j given by the conditions li−1 ⊥ l ′j−1, li ⊥ l
′
j
. It is straight-
forward to prove the following
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Lemma 3.7. One hasD=D1∪D2, whereD1,D2 ⊂Ri , j are smooth divisors of Ri , j given in BFi ×BF j by the algebraic
conditions
li ⊥ l
′
j
, li = li−1 ,
and
li ⊥ l
′
j
, l ′j = l
′
j−1,
respectively. The intersectionD1∩D2 is isomorphic to Ri−1, j−1.
Denote by ri , j the natural inclusion map Ri , j ⊂BFi ×BF j from Definition 2.4. Consider the projections
pi1 : Ri , j →BFi−1×BF j , pi2 : Ri , j →BFi ×BF j−1,
which are induced by omitting li and l ′j , resp. Consider the inclusions
g1 : BFi−1×BF j−1→BFi−1×BF j , g2 : BFi−1×BF j−1→BFi ×BF j−1,
g1((z1, . . . ,zi−1,w1, . . . ,w j−1))= (z1, . . . ,zi−1,zi−1 ,w1, . . . ,w j−1),
g2((z1, . . . ,zi−1 ,w1, . . . ,w j−1))= (z1, . . . ,zi−1,w1, . . . ,w j−1,w j−1).
Theorem3.8. (i )Normal bundles of the embeddings
g1 ◦ ri−1, j−1 : Ri−1, j−1→BFi−1×BF j , g2 ◦ ri−1, j−1 : Ri−1, j−1→BFi ×BF j−1,
are equal to the restrictions of βi−1⊗β
′
j−1⊕β
′
j
and βi ⊕βi−1⊗β
′
j−1, resp.
(i i ) pi1 : Ri , j →BFi−1×BF j and pi2 : Ri , j →BFi ×BF j−1 are blow-ups along centres
g1 ◦ ri−1, j−1 : Ri−1, j−1→BFi−1×BF j , g2 ◦ ri−1, j−1 : Ri−1, j−1→BFi ×BF j−1,
with exceptional divisorsD1 andD2, resp.;
(i i i ) D1 ≃P(βi−1⊕C)→Ri−1, j−1,D2 ≃P(β′j−1⊕C)→Ri−1, j−1;
Proof. The normal bundles of g1, g2 are the restrictions of βi , β′j (e.g. see [25]). The normal bundle of ri−1, j−1 is
βi−1⊗β
′
j−1 by Proposition 3.6, (i ). This proves (i ).
W.l.g. we prove (i i ) in the case of pi1. The subvariety g1◦ri−1, j−1(Ri−1, j−1)⊂BFi−1×BF j is given by the equations
s1 = s2 = 0, where
s1 :=
min{i−1, j }∑
k=0
zi−1,i−1−kw j , j−k , s2 :=w j , j ,
are global sections of the linear vector bundles βi−1 ⊗ β′j and β
′
j
. The blow-up BlRi−1, j−1 (BFi−1 × BF j ) is by the
definition is the Zariski closure
{[s1 : s2]| (s1, s2) 6= (0,0)}⊂P(βi−1⊗β′j ⊕β
′
j
)→BFi−1×BF j .
By the definition, the total space of the fiber bundle
P(βi−1⊗β′j ⊕β
′
j
)≃P(βi−1⊕C)→BFi−1×BF j
is isomorphic to BFi ×BF j . The blow-up BlRi−1, j−1(BFi−1 ×BF j ) is therefore isomorphic to the hypersurface in
P(βi−1⊕C) given by the equation
(16) bs1−as2 = 0, a,b ∈C.
One readily identifies (16) with (10) by letting zi = [bs1 : a] (see (12)) and w j , j =−s2. This proves (i i ).
(i i i ) now follows from (i ) and (i i ). 
Remark 3.9. Theorem 3.8 implies that there are two different blow-downs of Ri , j (a “flip”) with the isomorphic
centers. For example, the fiber of pi1 over the point L = (l1, . . . , li−1 , l ′1, . . . , l
′
j
) ∈ BFi−1 ×BF j consists of the tuples
(l1, . . . , li , l ′1, . . . , l
′
j
) ∈Ri , j s.t.
li ⊂ li−1⊕Cmax{i , j }, li ⊥ l ′j .
It is equivalent to the equation
(17) 〈zi ,w j 〉 = a〈zi−1,w j 〉+b〈w j ,emax{i , j }〉 = 0,
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in a,b, by letting zi = azi−1 +bemax{i , j } for a,b ∈ C. The equation (17) has the unique solution up to multiplica-
tion by scalars (i.e. the fiber at L is a point) iff L 6∈ g1 ◦ ri−1, j−1(Ri−1, j−1), see Lemma 3.7. Otherwise, the fiber is
isomorphic to P1.
The proof of the following Theorem is similar to the proof of Theorem 3.5.
Theorem3.10. (i ) Let i > j +1. Then there is the (algebraic) fiber bundle
p : Ri , j
R j+1, j
−→ BFi− j−1 , (z1, . . . ,zi ,w1, . . . ,w j ) 7→ (z1, . . . ,zi− j−1).
(i i ) There are the (algebraic) fiber bundles
p1 : Ri ,i
Ri−1,i
−→ P
1, p2 : Ri ,i
Ri ,i−1
−→ P
1,
where p1 and p2 map the point (z1, . . . ,zi ,w1, . . . ,wi ) to z1 and w1, resp.
4. INTEGRAL COHOMOLOGY RINGS OF HYPERSURFACES
In this Section, we compute the cohomology rings of BRi , j and Ri , j in terms of the quotients by the annihilator
ideals of the elements c1(βi⊗η′), c1(βi⊗β′j ), resp., of the known cohomology rings of the ambient varieties BFi×P
j ,
BFi ×BF j . We also compute the Betti numbers of BRi , j and Ri , j using the Hodge-Deligne polynomial (Proposition
4.14) and the single blow-up description of the hypersurfaces BRi , j and Ri , j . In the following, by omitting the
coefficient group in singular cohomology we assume Z-coefficients.
4.1. Cohomology of blow-up. Let Y,Z be complex subvarieties of a smooth projective complex variety X. Let k be
the codimension of Z ⊂ X. Suppose that Y and Z intersect transversally in X. Consider the blow-up pi : BlZX→ X
along Z. The exceptional divisor E of pi is the projective bundle E ≃ P(ν)→ Z, where the projection map is given
by the restriction of pi, and ν→ Z is the normal bundle of the closed immersion ι : Z ⊂ X. The cohomology ring
H∗(P(ν); Z) is a H∗(Z; Z)-module under the homomorphism pi∗ : H∗(Z; Z)→H∗(P(ν); Z) induced by pi.
Theorem 4.1 (Leray, Hirsch, see [4, §15]). Let ξ→ B be a complex vector bundle of rank k over B. Consider the
fiberwise projectivisation p : P(ξ) → B of ξ. Let v = c1(ζ) ∈ H2(P(ξ);Z) be the first Chern class of the dual to the
tautological linear bundle ζ over P(ξ). Then there is an isomorphism of rings
(18) H∗(P(ξ))≃H∗(B)[v]/(vk + vk−1c1(ξ)+·· ·+ck (ξ)).
In particular,H∗(P(ξ))=H∗(B)[v]〈1,v, . . . ,vk−1〉 is a freeH∗(B)-module.
Example 4.2. By applying Theorem 4.1 recurrently to the projective fiber bundle BFn = P(βn−1⊕C)→ BFn−1, one
obtains the isomorphism of graded rings
(19) H∗(BFn ;Z)≃
Z[x1, . . . ,xn ]
(x2q − xqxq−1| q = 1, . . . ,n)
,
where x0 := 0, see [8].
Proposition 4.3 ([17], [15]). The normal bundle of the exceptional divisor E⊂ BlZX is isomorphic to the tautological
line bundle ζ→ P(ν). The strict transform Y˜ of Y under pi is isomorphic to BlZ∩Y Y. The additive representation of
BlZX is
(20)
(
H∗(X;Z)⊕H∗(P(ν); Z)
)
/H∗(Z;Z)≃H∗(X;Z)⊕H∗(Z;Z)〈v,v2, . . . ,vk−1〉,
where k = codim(Z⊂X). The multiplicative structure is subject to the following relations:
x · v = ι∗(x) · v, x ∈H∗(X;Z),
vk + vk−1c1(ν)+·· ·+ vck−1(ν)+ωX = 0,
whereωX ∈H2k (X;Z) is Poincaré dual to the homology class ι∗[Z] ∈H2(n−k)(X;Z), and v restricts to c1(ζ).
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Example 4.4. By Theorem 3.8, R2,2 ≃BlR1,1 BF1×BF2 with the normal bundle ν= (β1⊗β
′
1⊕β
′
1)|R1,1 of the inclusion
R1,1 ⊂BF1×BF1 ⊂BF1×BF2.
The rational curve R1,1 is the subsequent dualisation of linear bundles β1 ⊗β′1, β
′
2 over BF1 ×BF2. Thus ωR1,1 =
(x1 + y1)y2. Using R1,1 ≃ P1 we write H∗(R1,1; Z) ≃ Z[t ]/(t2), t = c1(η) for the tautological line bundle η→ P1.
Observe that c(ν)= 1+3t . Hence, by Proposition 4.3, one has
(21) H∗(R2,2;Z)≃
(
Z[x1, y1, y2]/(x21 , y
2
1 , y
2
2 − y1y2)
)
⊕ (Z[t ]/(t2))〈v,v2〉(
v2+3vt + (x1+ y1)y2, (y2− y1)v, (y2− x1)v,vt − x1t
) ≃
≃Z[x1, y1, y2,v]/
(
x21 , y
2
1 , y
2
2 − y1y2,v
2
+3vy2+ (x1+ y1)y2, (y2− y1)v, (y2− x1)v
)
.
4.2. Cohomology of dualisation. Let M2n , dimRM= 2n, be a stably complex closed manifold. Then for any com-
plex linear vector bundle ξ→M there is the stably complex submanifold D2n−2 ⊂M2n of real codimension 2 called
the dualisation of ξ in M ([28]). In particular, the homology class of D in H2(n−1)(M;Z) is Poincaré dual to the first
Chern class x = c1(ξ) ∈H2(M;Z).
Consider the map ι∗ : H∗(M;Z)→H∗(D;Z) induced in cohomology by the natural inclusion ι : D→M.
Proposition 4.5. Suppose that all odd cohomology groupsH2k+1(M;Z) vanish and that ι∗ is an epimorphism. Then
one has Ker ι∗ = Annx, where Annx denotes the annihilator ideal of x in H∗(M;Z). In particular, the quotient map
induced by ι∗
H∗(M;Z)/Annx→H∗(D;Z)
is a ring isomorphism.
Proof. By the assumption and universal coefficients formula, the groups H∗(M;Z) have no torsion. For any ele-
ments α,β ∈H∗(M;Z) of degree 2k and 2(n−k−1), resp., one has the identity
(22) 〈αβx, [M2n ]〉 = 〈ι∗(α)ι∗(β), [D2(n−1)]〉,
by the projection formula, where 〈αβ, [M2n]〉 denotes the canonical pairing with the respective fundamental class.
Suppose that α ∈Ker ι∗. Then by (22) and the Poincaré duality, one has αx = 0. Hence, Ker ι∗ ⊆Annx. The converse
inclusion also follows, since ι∗ is epimorphic. We conclude that Ker ι∗ =Annx. 
The dualisation map does not induce epimorphism between cohomology rings, generally speaking.
Example 4.6. Let η→Pn be the tautological line bundle on Pn . Consider the dualisation fd : Xd ⊂P
n of ηd (i.e. the
representative in the homology class, Poincaré dual to dx ∈H2(Pn ;Z), where x = c1(η)) for d > 0. Xd is well-known
to be the generic hypersurface of degree d in Pn . One can check that for even n and d > 2 the group Hn−1(Xd ;R)
is non-zero. Hence, f ∗
d
is not epi in this case. On the other hand, for d = 2 and n = 3 the non-singular quadric
which is the image of the Veronese embedding f2 : P1×P1 ⊂ P3, is the dualisation of η
2 on P3. The induced map
in cohomology
f ∗2 : Z[x]/(x
4)→Z[y,z]/(y2,z2), x 7→ y + z.
is clearly not an epimorphism. (The last example was pointed out to me by A. Ayzenberg.)
Lemma 4.7. Let ξ,η be vector bundles over a compact topological space B. Suppose that η is a subbundle of ξ. Then
the fiberwise embeddingmap α : P(η)→P(ξ) induces epimorphism α∗ : H∗(P(ξ);Z)→H∗(P(η);Z).
Proof. Consider the tautological line bundles ζ→ P(η), ζ′→ P(ξ). Let k = rkη6 rkξ = r . Using Theorem 4.1 write
the cohomology as free H∗(B)-modules:
(23) H∗(P(η))=H∗(B)〈1,u, . . . ,uk−1〉, H∗(P(ξ))=H∗(B)〈1,v, . . . ,v r−1〉,
where u = c1(ζ), v = c1(ζ′). By the definition, α∗(ζ′)= ζ′|P(η) = ζ. Hence, α∗(v)= u. Now the statement follows from
(23). 
Now suppose that M = X is a non-singular variety and D is its non-singular subvariety. Assume that Z and D
intersect transversally in X. Then by Proposition 4.3, D˜≃BlZ∩DD. Consider the inclusion map ι˜ : D˜→ X˜≃BlZX.
Lemma 4.8. Suppose that the inclusion mapsD→X, Z∩D→ Z induce epimorphisms of the respective cohomology
rings. Then the inclusion map D˜→ X˜ induces the epimorphism of the respective cohomology rings.
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Proof. Let E′ = P(ν′) be the exceptional divisor of BlZ∩DD → D, where ν and ν′ are the normal bundles of the
inclusions Z⊂ X and Z∩D ⊂D, resp. The normal vector bundle ν′ is a subbundle of ν|Z∩D due to the sequence of
embeddings Z∩D⊂D⊂ X. Under the graded abelian group isomorphism of Proposition 4.3, the homomorphism
induced by the map ι˜ : D˜→ X˜ is
(24)
(
H∗(X)⊕H∗(P(ν))
)
/H∗(Z)→
(
H∗(D)⊕H∗(P(ν′))
)
/H∗(Z∩D),
induced by the embeddings D⊂ X, P(ν′) ⊂ P(ν). By the condition of the Lemma, H∗(X)→H∗(D) is epi. It follows
from the assumption on the inclusion maps D→ X, Z∩D→ Z, Theorem 4.1 and Lemma 4.7 that the composition
homomorphism H∗(P(ν))→H∗(P(ν|Z∩D))→H∗(P(ν′)) is epi. Hence, (24) is epimorphic. 
Our next task is to iterate the construction from Lemma 4.8. Let Z0 ⊂ Z1 ⊂ ·· · ⊂ Zk and D be non-singular closed
subvarieties of a non-singular projective variety X, codimCD = 1. Denote by Z˜ j and D˜ the strict transforms of the
subvarieties Z j and D under the blow-up X˜ =BlZ0X→ X along Z0, respectively, where j = 1, . . . ,k.
Lemma 4.9. (i ) Assume that Z j and D intersect transversally in X for any j = 0, . . . ,k. Then Z˜ j and D˜ intersect
transversally in X˜, j = 1, . . . ,k.
(i i ) In addition to (i ), suppose that the inclusion maps D→ X, Z j ∩D→ Z j induce epimorphisms of the respective
cohomology rings, j = 0, . . . ,k. Then the inclusion maps D˜→ X˜, Z˜ j ∩ D˜→ Z˜ j induce epimorphisms of the respective
cohomology rings, j = 1, . . . ,k.
Proof. (i ) follows from Proposition 4.3 immediately. Now prove (i i ). The claim about D˜→ X˜ follows from Lemma
4.8 by replacing X,Z,D by X,Z0,D. The claim about Z˜ j ∩ D˜→ Z˜ j follows from Lemma 4.8 by replacing X,Z,D by
Zi ,Z0,Zi ∩D, due to the assumption on the embeddings Z j ∩D⊂ Z j and Z0∩ (Z j ∩D)= Z0∩D⊂ Z0, resp. 
Theorem 4.10. (1) The inclusion fi , j : BRi , j → BFi ×P j induces epimorphism in cohomology. One has the ring
isomorphism
H∗(BRi , j )≃
Z[x1, . . . ,xi , y]
(x2q − xq xq−1, y j+1| q = 1, . . . , i )
/
Ann(xi + y),
where x0 := 0.
(2) The inclusion ri , j : Ri , j →BFi ×BF j induces epimorphism in cohomology. One has the ring isomorphism
H∗(Ri , j )≃
Z[x1, . . . ,xi , y1, . . . , y j ]
(x2q − xqxq−1, y
2
r − yr yr−1| q = 1, . . . , i , r = 1, . . . , j )
/
Ann(xi + y j ),
where x0 := 0, y0 := 0.
Proof. The claims about epi follow from Propositions 3.1, 3.6 and Lemma 4.9. The claims about cohomology
isomorphisms follow from Proposition 4.5, Künneth formula and cohomology of Pn , BFn (see (19)). 
In order to find the cohomology rings of BRi , j and Ri , j using Theorem 4.10, one needs to compute the respective
annihilator ideal. This may be done by the computer algebra software (e.g. Macaulay2).
Example 4.11. Consider i = j = 2. A Macaulay2 computation in the ring H∗(BF2×BF2;Z) shows that
Ann(x2+ y2)=
(
(x2− x1)(y2− y1),x
2
2 + x2y2+ y
2
2
)
.
Hence, by Theorem 4.10, one has
(25) H∗(R2,2;Z)≃Z[x1,x2, y1, y2]/
(
x21 ,x
2
2 − x1x2, y
2
1 , y
2
2 − y1y2, (x2− x1)(y2− y1),x
2
2 + x2y2+ y
2
2
)
.
The last ring is isomorphic to the ring from Example 4.4 by sending x1, y1, y2,x2 to x1,x1+ v, y1, y2, resp.
A similar computation shows that
(26)
H∗(BR3,2;Z)≃Z[x1,x2,x3, y]/
(
x21 ,x
2
2−x1x2,x
2
3−x2x3, y
3,x2y
2
−x3y
2,x1x3y−x
2
3 y−x1y
2
+x3y
2,x33−x
2
3 y+x3y
2).
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4.3. Betti numbers. Consider the Hodge-Deligne polynomial e(X)(u,v) :=
∑
i , j h
i , j (X)ui v j of a quasiprojective
complex algebraic variety X [12]. The polynomial e(X)(u,v) is well-known to be multiplicative w.r.t. locally trivial
(in Zariski topology) complex fiber bundles [19]. To sum up, we have the following
Proposition 4.12 (see also[12], [19]). (i ) For any quasiprojective complex algebraic varieties Y ⊆X one has
e(X)(u,v)= e(Y)(u,v)+e(X \Y)(u,v);
(i i ) e(Pn)(u,v)= 1+uv +·· · + (uv)n ;
(i i i ) For any projective locally trivial algebraic fiber bundle E
F
−→ B, with B,F non-singular projective varieties one
has
e(E)(u,v)= e(B)(u,v)e(F)(u,v).
Proposition 4.12 gives the Hodge-Deligne polynomial for any projective algebraic fiber bundle. In particular for
any toric Bott tower Xn one has e(X)(u,v)= (1+uv)n .
Corollary 4.13. Let Z⊂X be smooth projective algebraic varieties. Then
e(BlZX)(u,v)= e(X)(u,v)+ (uv +·· ·+ (uv)
k−1)e(Z)(u,v),
where k is the complex codimension of Z⊂X.
For X having only diagonal Hodge numbers, i.e. hi , j (X)= 0 for any i 6= j , let e(X)(t) := e(X)(u,v), where t =uv .
Proposition 4.14.
(27) e(BRi , j )(t)= (1+ t)
i (1+ t +·· ·+ t j−1), 06 i 6 j ,
(28) e(BRi , j )(t)= (1+ t)
i (1+ t +·· ·+ t j−1)+ t j (1+ t)i− j−1, i > j > 0,
(29) e(Ri , j )(t)= (1+ t)
i+ j−1
+ t(1+ t)i+ j−3+·· ·+ t i−1(1+ t) j−i+1+ tmin{i , j }(1+ t)i+ j−2min{i , j }−1, 0< i , j , i 6= j ,
(30) e(Ri ,i )(t)= (1+ t)
2i−1
+ t(1+ t)2i−3+·· ·+ t i−1(1+ t), 26 i .
In particular,
b2k(BRi , j )=
(
i
k
)
+
(
i
k−1
)
+·· ·+
(
i
k− j +1
)
+
(
i − j −1
k− j
)
, i > j > 0,
b2k (Ri , j )=
(
i + j −1
k
)
+
(
i + j −3
k−1
)
+·· ·+
(
i + j −2min{i , j }−1
k−min{i , j }
)
, 0< i , j , i 6= j ,
b2k (Ri ,i )=
(
2i −1
k
)
+
(
2i −3
k−1
)
+·· ·+
(
1
k− i +1
)
, 1< i .
Proof. For a non-singular projective toric variety Xn one has e(M)(t)= hP(t), where Pn ⊂ Rn is the moment poly-
tope of Xn and hP(t) is the h-polynomial of Pn (e.g. see [8]). Remind that the moment polytope of the Buchstaber-
Ray variety BRi , j (06 i 6 j ) is combinatorially equivalent to the Cartesian product Ii ×∆ j−1 of the cube with the
simplex. The h-polynomial is multiplicative w.r.t. the Cartesian product, see [8]. Hence, one obtains the formula
(27) from the h-polynomial of the simplex.
We prove (28) by the induction on j . In the case of j = 1, by Theorem 3.3, (i i ) one has BRi ,1 ≃BlBFi−2 BFi−1×P
1.
Hence, by Corollary 4.13,
e(BRi ,1)(t)= (1+ t)
i−1(1+ t)+ t(1+ t)i−2 = (1+ t)i + t(1+ t)i−2,
which proves the induction basis. Assume that (28) holds for j = j0−1. Since BRi , j ≃ BlBRi−1, j−1 (BFi−1 ×P
j ), for
j = j0 by induction hypothesis one has
e(BRi , j )(t)= (1+t)
i−1(1+t+·· ·+t j )+t
(
(1+t)i−1(1+t+·· ·+t j−2)+t j−1(1+t)i− j−1
)
= (1+t)i (1+t+·· ·+t j−1)+t j (1+t)i− j−1,
which proves the induction step.
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Now prove (29) by the induction on j . Since Ri , j ≃ R j ,i , w.l.g. we let 06 i < j . For j = 1 it follows from (28),
since R1, j ≃ R j ,1 = BR j ,1. Assume that (29) holds for j = j0 − 1. Let j = j0. By Theorem 3.8, (i i ) one has Ri , j ≃
BlRi−1, j−1(BFi ×BF j ). Hence, by Corollary 4.13
e(Ri , j )= (1+ t)
i+ j−1
+ t
(
(1+ t)i+ j−3+ t(1+ t)i+ j−5+·· ·+ t i−1(1+ t) j−i−1
)
,
which proves the induction step.
Finally, prove (30) by the induction on j . Observe that R2,2 ≃BlP1 (BF1×BF2). Therefore,
e(R2,2)(t)= (1+ t)
3
+ t(1+ t),
which proves the induction basis j = 2. Assume that (30) holds for i = i0−1. Since Ri ,i ≃ BlRi−1,i−1 BFi−1 ×BFi , for
i = i0 one has
e(Ri ,i )= (1+ t)
2i−1
+ t
(
(1+ t)2i−3+ t(1+ t)2i−5+·· ·+ t i−1(1+ t)
)
,
which finishes the proof. 
Remark 4.15. The identities from Proposition 4.14 are consistent with the various (algebraic) fiber bundle struc-
tures on BRi , j , Ri , j from Section 3 and multiplicativity of the Hodge-Deligne polynomial (Proposition 4.12).
5. AUTOMORPHISM GROUP OF AN ALGEBRAIC VARIETY
In this Section we apply some basic facts from theory of algebraic groups to study algebraic torus actions on
algebraic varieties. In particular, we compute the group of automorphisms of Milnor hypersurface Hi , j and find
the rank (i.e. the dimension of themaximal torus) of AutHi , j . The facts and denotions of algebraic geometry follow
[23], [20].
Theorem 5.1. [23, Theorem 8.5, p.177] For a complete non-singular algebraic variety Xn the groups of biholomor-
phic transformations of X and algebraic automorphisms coincide.
Proposition 5.2. [14] Let Xn be a non-singular projective toric variety. Then AutX is an algebraic group of rank n.
Proposition 5.3. Let Xn be a non-singular projective variety s.t. AutX is an algebraic group of rank k. Assume that
an effective action of Tr by automorphisms on Xn is given. Then:
1) r 6 k and there exists an extension of Tr -action to an effective action of Tk on Xn ;
2) Any two effectiveTk -actions by automorphisms on Xn are conjugate;
3) If Xn is toric, then any effectiveTn-action by automorphisms on Xn has a dense open orbit.
Proof. Claims 1), 2) follow from the theorem about conjugacy of all maximal tori in an algebraic group ([26, p.119]).
Claim 3) follows from Proposition 5.2 and 2). 
It is known that AutPn ≃PGLn+1 ([20, Example 7.1.1, p.152]). It is not difficult to deduce the following
Lemma 5.4. If i 6= j , then Aut(Pi ×P j )≃PGLi+1×PGL j+1. Otherwise, Aut(Pi ×Pi )≃ (PGLi+1×PGLi+1)⋊Z2.
Since the involution Pi ×P j →P j ×Pi maps Hi , j to H j ,i isomorphically, w.l.g. we let i 6 j .
Lemma 5.5. There is the inclusion AutHi , j ⊂ Aut(Pi ×P j ) of groups corresponding to restriction of automorphisms
of Pi ×P j leavingHi , j invariant. In particular, the group AutHi , j is an algebraic group.
Proof. We extend any automorphism of Hi , j to the automorphism of Pi ×P j . Consider the exact sequence
0→O
Pi×P j (−1,−1)→OPi×P j → ι∗OHi , j → 0,
of sheafs on Pi ×P j , where ι : Hi , j → Pi ×P j is the natural inclusion morphism. It is the standard exact sequence
relating the ideal sheaf of the subvariety Hi , j to the structure sheaf of Pi ×P j . Twist it by OPi×P j (1,1) to obtain
another exact sequence:
(31) 0→O
Pi×P j →OPi×P j (1,1)→ ι∗OHi , j (1,1)→ 0.
One has
H0(Pi ×P j ; ι∗OHi , j (1,1))=H
0(Hi , j ; OHi , j (1,1)),
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see [20, Lemma2.10, p.209]. It follows from the cohomological long exact sequence of (31) andH1(Pi×P j ; O
Pi×P j )=
0 (which in turn follows from Künneth’s formula and sheaf cohomology of Pn) that
(32) H0(Pi ×P j ; O
Pi×P j (1,1))→H
0(Hi , j ; OHi , j (1,1))
is epimorphism. The Picard group PicHi , j ≃ H1(Hi , j ;C×) is obtained from H∗(Hi , j ; Z) and the the piece of long
exact sequence of the exponential sequence of sheafs (see [21, p.127, §15.9]):
0=H1(Hi , j ; Ω)→H
1(Hi , j ; C
×)→H2(Hi , j ; Z)→H
2(Hi , j ; Ω)= 0,
whereΩ is the sheaf of germs of local holomorphic functions on Hi , j . Hence,
(33) PicHi , j ≃Z
2
is torsion-free and generated by the classes of restrictions O
Pi×P j (0,1), OPi×P j (1,0) to Hi , j . These classes span the
cone of effective divisors in PicHi , j . Any automorphism ϕ ∈ AutHi , j maps effective divisors to effective. Hence,
the abelian group isomorphism ϕ∗ defines the map on the extreme rays of cone of effective divisors to itself. Due
to no torsion in PicHi , j ((33)), ϕ
∗ : PicHi , j →PicHi , j is the well-definedmap on the set of generators {OPi×P j (0,1),
O
Pi×P j (1,0)}. This map is either identity or involution. Hence, ϕ
∗
OHi , j (1,1) ≃ OHi , j (1,1), therefore ϕ
∗ acts on
the sections of OHi , j (1,1). We lift ϕ
∗ to ϕ˜∗ (acting on the sections of O
Pi×P j (1,1)) by considering any section of
epimorphism (32). The sheaf O
Pi×P j (1,1) yields the Segre embedding
P
i
×P
j
→PH0(Pi ×P j ; O
Pi×P j (1,1)).
We conclude, that ϕ is the restriction to Hi , j of a linear automorphism of Pi ×P j . It also remains to notice that
ϕ˜(Hi , j )=Hi , j is an algebraic condition on ϕ˜∈ Aut(Pi ×P j ). 
Let Q0 :C j+1×C j+1→C be the standard bilinear form on C j+1 given by
Q0(z,w)=
j∑
k=0
zkwk .
Let pi :C j+1→Ci+1 be the projection
pi(w)= (w0, . . . ,wi ).
Define the bilinear form Q :C j+1×C j+1→C by the formula
Q(z,w)=Q0(piz,w)=
i∑
k=0
zkwk .
The following Lemma is easily proven.
Lemma 5.6. Let A˜∈GL j+1, B ∈GL j+1 be s.t.
A˜=
(
A 0
0 Idj−i
)
w.r.t. the decomposition
(34) C j+1 =C〈e0, . . . ,ei 〉⊕C〈ei+1, . . . ,e j 〉.
Suppose that for any (z,w) ∈C j+1×C j+1 the implication
(35) Q(z,w)= 0⇒Q(Az,Bw)= 0,
holds. Then
B=
(
(At )−1 C
0 B′
)
,
for some B′ ∈GL j−i and C ∈Mati+1, j−i w.r.t. the decomposition (34).
Theorem5.7. If i = 0, then AutHi , j ≃PGL j . If i < j , then AutHi , j ≃C(i+1)( j−i)⋊E, where E is the central extension
0→C×→ E→PGLi+1×PGL j−i → 0,
of groups. Otherwise, AutHi , j ≃PGLi+1⋊Z2. In particular, rkAutHi , j = j .
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Proof. Since H0, j ≃ P j−1, one has AutH0, j ≃ PGL j , as it was pointed above. Now let i > 0. By Lemma 5.5, it is
enough to find all elements of Aut(Pi ×P j ) leaving Hi , j invariant. In the case of i = j , the action of involution on
Hi , j is well-defined. Hence, by Lemma 5.4 we reduce our study to the groupG⊂PGLi+1×PGL j+1, whose elements
by definition descend to automorphisms of Hi , j by restriction.
Consider an element ([A], [B]) ∈ PGLi+1 ×PGL j+1, where (A,B) ∈ GLi+1 ×GL j+1 is some lift. Suppose that
([A], [B]) ∈G. This is equivalent to the condition (35) on A,B. By Lemma 5.6, B has the form
B=
(
λ(At )−1 C
0 B′
)
,
for some λ ∈C×. For i = j this implies G≃PGLi+1.
Now let i < j . Consider the morphism f : G→C(i+1)( j−i)⋊ (PGLi+1×PGL j−i ) given by the formula
([A], [B]) 7→ (C,[A], [B′]).
The group G is mapped bijectively onto the space C(i+1)( j−i)⋊E by the map f , which proves the claim. 
Theorem 1.1 now follows from Theorem 5.7.
Remark 5.8. Let η→PGLn be theC×-bundle with the total space GLn and projection being the natural mapGLn →
PGLn . We call η the tautological line bundle over PGLn . The transposed linear bundle ηt →PGLn is defined in the
obvious way. There is the natural isomorphism ηt ≃ η of vector bundles. It is known that PGLn has Pic(PGLn) ≃
Z/nZ. A possible way to show this is to check H2(PUn ;Z) ≃ Z/nZ and use the homotopy equivalence of PGLn
and the projective unitary group PUn (see [3]). The first Chern class c1(η) is a generator of this cyclic group. The
group E as a variety is (P(ξ⊕ξ′)\
(
P(0⊕ξ′)∪P(ξ⊕0)
)
. The latter is isomorphic to the C×-fiber bundle ((η)−1⊗η′)×→
PGLi+1×PGL j−i , where the projection map is induced by f .
Example 5.9. We compare Theorem 5.7 with the well-known results. Let i = 1, j = 2. The Hirzebruch surface H1,2
is a toric variety, whose automorphism group is readily computed by Demazure’s theorem (see [14], [22, §3.4],
[1, Excercise 4.9, p. 329]). The one-dimensional rays of the fan Σ of H1,2 are
(36)
(
1 −1 0 0
0 1 1 −1
)
in the cocharacter lattice N=Hom(T2,T1). The Demazure roots of H1,2 are
f1, − f1, − f2, − f1− f2
of the dual latticeM=N∗ to N≃Z2. A simple computation shows that AutH1,2 is connected. The unipotent radical
of AutH1,2 is 2-dimensional, hence, it is C2. Choosing the complementary row-vectors(
1 1 0 1
0 0 1 1
)
,
to the rows of (36) and considering the corresponding torus T2, one sees that the reductive radical of AutH1,2 is
GL2. Hence, AutH1,2 ≃C2⋊GL2. Since PicPGL2 =Z/2Z, one has η≃ η−1 over PGL2. Hence, η× ≃ (η−1)× ≃GL2 over
PGL2. Remark 5.8 and Theorem 5.7 imply that
AutH1,2 ≃C
2
⋊ (η−1)× ≃C2⋊GL2.
We finish this Section with an example of maximal torus action on Hi , j . W.l.g. let 06 i 6 j . Then the effective
action of (C×) j on Hi , j is given by the formula
(37) (t1, . . . , t j )◦ (z,w)= ([z0 : t1z1 : · · · : ti zi ], [w0 : t
−1
1 w1 : · · · : t
−1
j w j ]).
6. MONODROMY IN THE WEIGHT GRAPH OF A TORUS ACTION
Is this Section we apply the GKM-theory in order to study torus actions. Throughout this Section, we follow [24]
and adopt the GKM-notions to the case of a torus action on an algebraic variety with isolated fixed points having
2-dependent weights.
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6.1. Definitions.
Definition 6.1. Wecall a finite non-ordered set e = {v1, . . . ,vk } with a choice of its origin i (e) the directed hyperedge.
If k = 2 and v1,v2 are different, then we call e an edge of Γ and call t(e) ∈ e, t(e) 6= i (e), the end of e.
We call a pair Γ = (V(Γ),E(Γ)) of a finite set V(Γ) and a subset E(Γ) ⊆ 2V(Γ) of all sets of V(Γ) the (abstract) hy-
pergraph. We call elements of V(Γ),E(Γ) the vertices and hyperedges of Γ, resp. A hypergraph Γ is called a clutter
if none of different hyperedges of Γ contains another. In other words, clutter is an antichain in the boolean poset
2V(Γ). In the following we consider only hypergraphs which are clutters.
Let dim : E(Γ)→N be any map s.t. dim(e)= 1 for any edge e ∈ E(Γ). We call dim the dimension function on Γ. In
the following, the dimension function is omitted when considering a hypergraph if it is clear from context.
In this paper we consider only connected hypergraphs (in the usual sense) with no hyperloops (i.e. for any
hyperedge e = {v1, . . . ,vk } ∈ E(Γ) the vertices v1, . . . ,vk are pairwise different), and no multiple hyperedges (i.e. if
two hyperedges e,e ′ ∈ E(Γ) both contain some different vertices x, y ∈ V(Γ), then e = e ′ as non-ordered sets). We
also denote the edge coming from u to v by Evu (if such an edge exists). If e is an edge, then we set e = E
i(e)
t (e). If Γ has
only edges, then we call Γ a graph.
By the definition, the set Ev (Γ) consists of all hyperedges coming from v in Γ:
Ev (Γ)= {e ∈E(Γ)| i (e)= v}.
We call Γ n-valent, if ∑
e∈Ev (Γ)
dim(e)=n
holds for any v ∈ V(Γ).
Let G(Γ) be themaximal subgraph of Γ s.t. any edge of G(Γ) is not incident to any hyperedge (i.e. to a non-edge).
In the following, most of the definitions regarding the hypergraph Γwill involve only its genuine subgraph G(Γ).
Let Γ be n-valent. Consider the cocharacter lattice Hom((Tk ),T1) ≃ Zk of the k-dimensional compact torus
Tk = (S1)k . One can think of the cocharacter lattice as of the group H2(BTk ) of the second cohomology group for
the classifying space BTk for Tk . Put a label on the hyperedges of Γ by a function α : E(Γ)→H2(BTk ).
Definition 6.2 (cf. [24]). We call α an axial function, if:
1) α(e)=−α(e) for any edge e ∈ E(Γ);
2) α(e)=±α(e ′) for any hyperedges e,e ′ ∈E(Γ) which coincide as non-ordered sets;
3) rkZ〈α(e)| e ∈ Ev (Γ)〉 = k, for any v ∈V(Γ).
We call a pair (Γ,α) the (n,k)-type weight hypergraph. If the values of k,n are clear from the context then we
call (Γ,α) the weight hypergraph.
Definition 6.3. Consider a collection ∇ = {∇e | e ∈ E(G(Γ))} of bijective maps ∇e : Ei(e)(Γ)→ Et (e)(Γ). We call ∇ a
connection on the weight hypergraph (Γ,α), if:
1) ∇e = (∇e)
−1;
2) ∇e (e)= e;
3) For any e ′ ∈ Ei(e)(Γ) there exists an integer ce (e ′) ∈Z s.t.
(38) α(∇ee
′)−α(e ′)= ce (e
′) ·α(e).
Remind that if Γ is a graph and one requires pairwise linear independence of values of α(e), where e ∈ Ev (Γ) for
any vertex v ∈V(Γ), then (Γ,α) is called aGKM-graph. In this case, the axial functionα is called r -independent, if for
any v ∈ V(Γ) and any different e1, . . . ,ek ∈ Ev (Γ) the vectors α(e1), . . . ,α(er ) are linearly independent. A connected
k-valent subgraph Γ′ ⊆ Γ (in particular, Γ′ ⊆G(Γ)) is called a k-face of Γ (a face), if for any v ∈ V(Γ′), e,e ′ ∈ Ev (Γ′) one
has ∇e (e ′) ∈ E(Γ′). We call an r -face Γ′ ⊂ Γ nondegenerate, if the (well-defined) restriction α|Γ′ is r -independent. It
is well-known that if there exists a connection ∇ on a GKM-graph (Γ,α) with a 3-independent axial function, then
∇ is unique (e.g. see [18]). In what follows, we consider weight hypergraphs which admit different connections. In
order to study different connections on a given weight hypergraph, we give the following
Definition 6.4. Let (Γ,α) be a weight hypergraph. Let e ∈ E(Γ) be an edge of Γ. We say that (Γ,α) is definite at e if
the affine lines
(39) α(e ′)+R〈α(e)〉, e ′ ∈Ei(e)(Γ),e
′
6= e,
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FIG. 1. The invariant subgraph Γ′ does not contain E20 in Γ(P
2)
x0
x1
x2
are pairwise different in the affine spaceAk
R
. Otherwise, we call (Γ,α) non-definite at e. We also call e (non-)definite
if (Γ,α) is (non-)definite at e and (Γ,α) is clear from context, resp. If (Γ,α) is definite at any hyperedge, then we say
that (Γ,α) is definite.
The notion of definiteness of an edge e is independent of an orientation of e due to the following simple
Proposition 6.5. Suppose that (Γ,α) admits a connection ∇. Let (Γ,α) be definite at an edge e. Then (Γ,α) is definite
at e, and the values of ∇e are uniquely determined by (Γ,α).
Proof. Due to bijectivity of ∇e and (38)
{α(e ′)+R〈α(e)〉| e ′ ∈Ei(e)(Γ), e
′
6= e}= {α(e ′′)+R〈α(e)〉| e ′′ ∈Et (e)(Γ), e
′′
6= e}.
Hence, (Γ,α) is definite at e. The map ∇e matches the pairs of coinciding affine lines at i (e) and at t(e). Hence, the
uniqueness of ∇e follows from the definiteness of e. 
Remark 6.6. Observe that the notion of a definite weight hypergraph (Γ,α) with Γ a graph, gives a possible gener-
alisation of the GKM-graph with the 3-independent axial function, since it admits the unique connection.
The following notion of a monodromy map in a GKM-graph appeared in [18] in the definition of a holonomy
group of a GKM-graph.
Definition 6.7. (cf. [18]) For an edge path γ = (e1, . . . ,er ) in the graph G(Γ) denote its origin and end by i (γ),
t(γ). Then the connection ∇ defines the parallel transport map Πγ : Ei(γ)(Γ)→ Et (γ)(Γ) by the formula Πγ(e) :=
∇ek ◦ · · · ◦∇e1e for any edge e ∈ Ei(γ)(Γ). In case of i (γ)= t(γ), we callΠγ the monodromymap at i (γ) along γ.
We generalise the notion of a face of a GKM-graph to the case of non-valent subgraph in a weight hypergraph
in the following two definitions.
Definition 6.8. Let Γ′ be a connected subgraph of G(Γ). We call an edge e ∈ E(Γ), where i (e) ∈V(Γ′), internal for Γ′
in Γ, if t(e)∈ V(Γ′). Otherwise, we call the edge e external to Γ′ in Γ.
Definition 6.9. Let Γ be a connected n-valent hypergraph endowed with a connection ∇. We call a connected
subgraph Γ′ ⊂G(Γ) invariant under ∇, if for any edge e ∈ E(Γ′) and for any internal edge e ′ ∈ Ei(e)(Γ) for Γ′, the edge
∇ee
′ ∈ Et (e)(Γ) is internal for Γ′.
Remark 6.10. Any face Γ′ of a GKM-graph (Γ,α) with a connection ∇ is invariant under∇ in sense of Definition 6.9.
The Definition 6.9 may be equivalently reformulated in terms of external edges. Notice that an internal edge for
Γ′ may not belong to E(Γ′). In particular, an invariant subgraph may have vertices of different valence. Finally, we
remark that for any edge path γ in the invariant subgraph Γ′, i (γ) ∈V(Γ′), if an edge e ∈Ei(γ)(Γ) is internal (external,
resp.) to Γ′, then Πγ(e) is internal (external, resp.) to Γ′ in G(Γ).
Example 6.11. Consider the weight graph (Γ,α) of P2. It admits the unique connection ∇, as explained in the
Subsection 6.2. The subgraph Γ′ = (E10,E
2
1) is invariant in Γw.r.t. ∇, see Fig. 1.
6.2. Connections on the weight hypergraph of amanifold with torus action. Consider an effective action of the
algebraic torus Tk ≃ (C×)k by biholomorphic maps on a compact complex manifold Xn with isolated fixed points.
Denote by XT
k
the fixed point set of the respective action. The induced representation of Tk on the complex space
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TxXn for a fixed point x ∈XT
k
decomposes into sum of linear representations of the form Vq =V(wq ) with weights
w1, . . . ,wn ∈H2(BTk ):
(40) TxX
n
=
n⊕
j=1
V(w j )
We need the following fundamental theorem. Let G be a compact Lie group acting on a smooth manifold X. Let
x ∈XG be a fixed point. There is an induced representation G : V, where V = Vx =TxX. For a closed subgroupH⊆G,
there is a free action of H on G×V, h(g ,v) = (gh−1,hv). Let G×H V := (G×V)/H. G/H may be identified with the
zero section of the projection G×H V→G/H.
Theorem6.12 (Differential slice theorem, [2, pp.14–15]). There exists an equivariant diffeomorphism froman equi-
variant open neighborhood of the zero section inG×Gx Vx to an open neighborhood ofG·x in X, which sends the zero
sectionG/Gx onto the orbit G ·x by the orbit map.
Proposition 6.13. Let 0 6= w ∈H2(BTk ), and let w j1 , . . . ,w jq be all weights of T
k-representation at TxXn which are
(±1)-multiples of w. Then there exists a smooth invariant complex closed variety Y = Y(x,w) ⊆ X, x ∈ Y, s.t. the
induced action of Tk : Y is the action of subtorus C× ⊂Tk corresponding to weight w ∈Hom(Tk ,T1). In particular,
TxY =
q⊕
r=1
V(w jr )⊂TxX
n
If q = 1, then Y is equivariantly isomorphic to P1. Any irreducible component of the closure X1 of C×-orbit stratum
has form of Y(x,w) for some x and w.
Proof. Since x ∈ XT
k
, by Theorem 6.12 there is an equivariant diffeomorphism ϕ : U → X from the open neigh-
borhood U ⊂ Vx = TxX of zero to the open neighborhood of x ∈ X. Let T ⊂ Tk be the codimension 1 subtorus
corresponding to w . The subspace
W =
⊕
w j=±w
V(w j )
of V is the largest subset of V, where acts T under the representation Tk : V. The set U˜ =U∩W is an equivariant
open neighborhood of zero, dimU˜ = q . The stratum X(T) ⊂ X of points with stabilizer T is a smooth manifold (see
[2, Proposition I.2.2, p.16]). Consider any connected component Z⊂ X(T) s.t. x ∈ Z. Then ϕ−1(Z∩ϕ(U)) ⊆W. We
conclude that dimRZ = 2q , Z is smooth at x and that Z is the unique connected component of X(T) s.t. x ∈ Z. In
particular,
(41) TxZ=W ⊂ V.
Let y ∈ XT
k
be s.t. y ∈ Z. Then substituting y into x and applying the same reasoning shows that there are exactly
q pairwise different weights of Tk at TyX multiple to w , and that Z is smooth at y . Z is easily seen to be a complex
subvariety of X. Letting Y = Z we obtain the first statement of the Proposition.
The last statement of the Proposition follows from the description (41) of the tangent space to Z and (40). 
Now we assign a weight hypergraph to the manifold Xn with an algebraic torus action Tk , as above (compare
with [24]). We set V := XT
k
. For any irreducible component Y of X1 (see Proposition 6.13) with a fixed point x ∈ Y
consider the set YT
k
of fixed points of Y ⊂ X as a directed hyperedge e = e(Y), i (e) = x. Denote the set of all such
hyperedges by E. Also we denote by Y(e) the invariant C×-subvariety of X corresponding to a hyperedge e ∈ E(Γ).
The pair Γ= (V,E) is a hypergraph with no loops. We choose the dimension function to be dim(e) := dimCY, where
e = e(Y). Γ is n-valent w.r.t. this dimension function due to Proposition 6.13. In the following, we assume that Γ
has neither hyperloops, nor multiple hyperedges.
Now we turn to the definition of an axial function α : E(Γ)→ H2(BTk ) on the hypergraph Γ. Consider a hy-
peredge e ∈ E(Γ). First, let e be an edge. Choose an invariant sphere Y(e) ≃ S2, e ∈ E(Γ), i (e) = x, t(e) = y . The
induced representation of Tk on the complex space TxXn for a fixed point x ∈ XT
k
decomposes into sum of linear
representations of the form V(α(e ′)) with weights α(e ′)∈H2(BTk ), e ′ ∈ Ex (Γ):
(42) TxX
n
=
⊕
e′∈Ex (Γ)
V(α(e ′)),
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defining the values of α on edges of Γ. Now let e be a non-edge. TheTk -action on the subvariety Y⊂X correspond-
ing to e has the weight w ∈H2(BTk ) defined up to a sign. Then we let α(e)=w .
Finally, we define a connection ∇ on (Γ,α). Consider the subgraph G(Γ) of Γ. Let e ∈ E(G(Γ)). Any complex
vector bundle over the 2-dimensional sphere splits equivariantly into a sum
(TXn)|S2e =
n⊕
j=1
ξ j ,
of linear bundles ξ j over Y(e). Since ξ j isTk -equivariant, we can choose equivariant isomorphisms (ξ j )x ≃ V(α(e ′)),
(ξ j )y ≃V(α(e ′′)), where e ′ = e ′( j ), e ′′ = e ′′( j ), s.t.⊕
e′∈Ex (Γ)
V(α(e ′))≃
n⊕
j=1
(ξ j )x ,
⊕
e′′∈Ey (Γ)
V(α(e ′′))≃
n⊕
j=1
(ξ j )y .
We let ∇ee ′ := e ′′. One can check that the collection ∇e defines a connection on the weight hypergraph (Γ,α).
Remark 6.14. It has to be stressed that there is no canonical choice of a connection on aweight graph of aTk-action
on a complex variety, generally speaking.
Assume that the algebraic tori acting on Xn are equivariantly embedded, namely Tr ⊆Tk , s.t. the Tr -action has
only isolated fixed points. Let Γ and Γ′ be the hypergraphs of Tr - and Tk -actions on X, resp.
Remark 6.15. Any invariant submanifold of Xn w.r.t. Tk is invariant w.r.t. Tr . The opposite is false. For example,
theMilnor hypersurface Hi , j is invariant w.r.t. subtorusTmax{i , j } ⊂Ti+ j acting on Pi ×P j , and is not invariant w.r.t.
T
i+ j , see (37).
Proposition 6.16. One has XT
r
= XT
k
. Any hyperedge e ∈ E(Γ) is a union of some hyperedges of Γ′, being a dim(e)-
valent sub-hypergraph in Γ′. In particular,G(Γ)⊆G(Γ′).
Proof. Any invariant submanifold of Xn under Tk is invariant under Tr . Hence, XT
k
⊆ XT
r
. It remains to observe
that |XT
r
|, |XT
k
| are equal to the Euler characteristic χ(X) of Xn , see [19].
We prove the second claim of the Proposition. Let ι : Tr ⊆Tk be the above inclusion. Consider the correspond-
ing cocharacter map ι∗ : Hom(Tk ,T1)→Hom(Tr ,T1). It follows from Theorem 6.12 that for any x ∈ XT
r
and any
weight w 6= 0 of Tr at x one has
Y(x,w)=
⋃
Y(y,w ′),
where the union is taken over y ∈ Y(x,w)T
r
and over w ′ s.t. ι∗(w ′)=±w . Hence,
e =
⋃
x∈e, e′∈Ex (Γ′), α(e′)=±α(e)
e ′.
This proves the claim about e being the sub-hypergraph of Γ′. It also follows from Theorem 6.12 that⋃
ι∗(w ′)=±w
Y(x,w ′)⊂ Y(x,w),
⊕
ι∗(w ′)=±w
TxY(x,w
′)= TxY(x,w).
This proves the claim about valence of e (the sub-hypergraph of Γ′). 
6.3. The connection on the weight graph of a non-singular projective toric variety. Let Xn be a non-singular
projective toric variety of dimension n > 3. Let (Γ,α,∇) be the corresponding GKM-graph of Xn . It may be readily
computed from the moment polytope of Xn (see [8]). Indeed, Γ is the edge graph of the simple moment polytope
Pn ⊂ Rn of Xn . The weights of the torus action at a fixed point x ∈ Xn are given by the vectors along the edges of
Pn coming from the vertex v ∈ P (corresponding to the fixed point x ∈ Xn). The corresponding axial function α is
n-independent. This implies that the weight graph (Γ,α) of Xn admits the unique connection.
The set of all faces ofΓ in the case of a non-singular projective toric variety is given by the following two Lemmas.
Lemma 6.17. [8, Lemma 7.9.7, p.306] For any v ∈ V(Γ) and any elements e1, . . . ,ek ∈ Ev (Γ) there exists the unique
k-face containing them.
Another important (although straight-forward to check) properties of edge graphs of convex polytopes are given
by the following
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Lemma 6.18. Let Pn ⊂Rn a convex polytope. LetG⊆ P be a face of the polytope P. If u,v ∈V(G) are connected by an
edge e ⊆ P, then e ⊆G. In particular, any r -face of the edge graph Γ of Pn is uniquely determined by its vertices.
Lemma 6.19. Let Pn ⊂Rn a convex polytope. Then for any 3-dimensional face G⊆ P the edge graph of G is planar.
Next Proposition shows that the connection of a projective non-singular toric variety acts trivially on external
edges.
Proposition 6.20. Let Γ′ be an r -face of the GKM-graph Γ of a projective non-singular toric variety. Let γ be an edge
path in Γ′. Then
(43) Πγ
(
Ei(γ)(Γ) \Ei(γ)(Γ
′)
)
= Et (γ)(Γ) \Et (γ)(Γ
′).
Moreover, if i (γ) = t(γ), then the (well-defined) restriction of the monodromy map Πγ acts identically on Ei(γ)(Γ) \
Ei(γ)(Γ′).
Proof. By Lemma 6.17, for any e ∈ E(Γ) there exists the unique (n−1)-face Γ(e)⊂ Γ s.t. i (e)∈ V(Γ(e)) and e 6∈ E(Γ(e)).
Let e ∈Ei(γ)(Γ)\Ei(γ)(Γ′). Then there exists the unique edge e ′ ∈ Et (γ)(Γ)\Et (γ)(Γ′) s.t. Γ(e)= Γ(e ′). Due to invariance
of Γ(e), we conclude that Πγ(e)= e ′. In particular, if i (γ)= t(γ), then e ′ = e. This finishes the proof. 
Theorem 6.21. Let Γ′′ ⊂ Γ′ ⊂ Γ be connected subgraphs of the GKM-graph of a non-singular projective toric variety
Xn s.t.
1) Γ′′ is invariant in Γ (in sense of Definition 6.9);
2) V(Γ′′)=V(Γ′);
3) Γ′ is r -valent;
Then Γ′ is invariant in Γ and is uniquely defined by Γ′′.
Proof. Let v ∈ V(Γ′). Choose pairwise different edges e1, . . . ,ek ∈ Ev (Γ
′) and consider the r -face G ⊂ Γ contining
them (Lemma 6.17). Due to the invariance and connectivity of Γ′′, one has Γ′′ ⊆ G. By Lemma 6.18, Γ′ ⊆ G. Then
the r -valence of Γ′ implies Γ′ =G. The uniqueness of Γ′ now follows from V(Γ′′)=V(Γ′) and Lemma 6.18. 
LetTk ⊆Tn be any algebraic subtorus s.t. the respectiveTk -actiononXn satisfies the assumptions of Subsection
6.2. It defines the axial function α′ on the corresponding weight hypergraph Γ′. By Proposition 6.16, G(Γ′) is a
subgraph of Γ. Let ∇′ be a connection on (Γ′,α′). One can detect that a subgraph G of Γ is a face (or a part of a face)
of Γ w.r.t. ∇ knowing only (Γ′,α′,∇′), by using Theorem 6.21. In order to do so, it is necessary to find a subgraph
Γ′′ ⊂G with enough definite edges.
7. APPLICATIONS
7.1. Generalised Buchstaber-Raymanifolds BRi , j . In order to proceed, we introduce some combinatorial deno-
tation describing the fixed points of BFn (and BRi , j ). Any fixed point of BFn under the action (6) has the form of a
tuple of lines (Ci1 , . . . ,Cin ) in C
n+1, where Cik+1 ∈ {Cik ,Ck+1}. We denote this tuple by Cu , where u = (u1, . . . ,un ) ∈ F
n
2
has uk = 0 if Cik+1 = Cik , and uk = 1 if Cik+1 = Ck+1. Here F
n
2 = {0,1}
n denotes the n-dimensional vector space over
F2 = {0,1}.
Fix any u ∈ {0,1}n . One recovers the tuple of lines from u ∈ {0,1}n in the following way. Let
ak (u)=max{0,r | ur = 1,r = 1, . . . ,k}
and define bk (u) uniquely from the condition
{ak (u),bk (u)}= {ak−1(u),k}.
Using induction on k, one can easily prove the following
Lemma 7.1. (i ) Cu = (Ca1(u), . . . ,Can (u));
(i i ) {b1(u), . . . ,bk (u),ak (u)}= {0,1, . . . ,k}.
Consider an open subset Uu ⊂BFn given by the conditions βk 6=Car (u), k = 1, . . . ,n, or equivalently by
zk ,ak (u) 6= 0, k = 1, . . . ,n.
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Uu is easily seen to be an equivariant (w.r.t. (6)) affine chart of BFn containing xu . Indeed, for the tuple z =
(z1, . . . ,zn ) ∈Uu of homogeneous coordinates of BFn rewrite zk as
(44)
[ zk ,0
zk ,ak(u)
: · · · :
zk ,k
zk ,ak (u)
]
, k = 1, . . . ,n.
Lemma 7.2. In the form of (44), the locally standard coordinates in the chartUu are
zk,bk (u)
zk,ak (u)
, k = 1, . . . ,n.
Proof. Follows by the induction on n from the equations (5). 
Given any tuples u,v ∈ Fn2 and a point [z :w] ∈ P
1, let zCu +wCv ∈BFn be the tuple having r -th line C〈zear (u)+
wear (v )〉 (see Lemma 7.1). The subvariety P
1(u,q) = {z0Cu + z1Cu+1q ∈ BFn | [z0 : z1] ∈ P
1} is an invariant C×-
subvariety of BFn (w.r.t. (6)) isomorphic to P1, q = 1, . . . ,n. Here 1q stands for the vector from Fi2 having all
zero coordinates besides q-th coordinate equal to 1. Also remind that under the natural (C×)n-action on Pn ,
P
1(k,q)= {C〈z0ek + z1eq 〉 ∈P
n | [z0 : z1] ∈P1} is an invariant C×-subvariety of Pn isomorphic to P1.
The following Proposition is easily deduced from Lemma 7.2 and n-valence of the GKM-graph of the toric vari-
ety BFn .
Proposition 7.3. The weights of (C×)n-action (6) on BFn at fixed point xu are:
{ebq (u)−eaq (u)| q = 1, . . . ,n}.
Any invariant C×-subvariety of BFn has the form P1(u,q) for some u ∈ Fn2 , q = 1, . . . ,n.
Wemove towards the description of a torus action on BRi , j in the case i > j > 0. The effective complex action
of (C×)i on the hypersurface BRi , j ⊂BFi ×P j given by (7) (i > j > 0) is uniquely defined from the formula
(45) (t1, . . . , ti )◦ (zi ,w)= ([zi ,0 : t1zi ,1 : · · · : ti zi ,i ], [t
−1
i− jw0 : t
−1
i− j+1w1 : · · · : t
−1
i w j ]),
due to the relations (5) on the homogeneous coordinates on BFi . The action (45) is the restriction of the subtorus
of the natural torus action
(
T
i ×T j
)
: (BFi ×P j ) to BRi , j . Hence, the fixed point set of BRi , j is the subset of fixed
points of BFi ×P j . By exhaustive search one concludes that the set of all fixed points of BRi , j consists of the points
xu,k := (Cu ,Ck ) for any u ∈ F
i
2, k = 0, . . . , j , ai (u) 6= k+ i − j .
Proposition 7.4. (i ) BRi , j is a toric variety over the product Ii ×∆ j−1 for 06 i 6 j ;
(i i ) BRn+1,0 ≃BFn is a Bott tower. In particular, BRn+1,0 is a toric variety over the combinatorial n-cube;
(i i i ) BRn,1 is a toric variety over the combinatorial 2-truncation of the n-cube.
Proof. For the proof of (i ) see [5] or [8, p.350]. (i i ) follows from the Definition 2.2. We prove (i i i ) by first observing
that BRn,1 ≃BlBRn−1,0 (BFn−1×P
1) (Theorem 3.3 (i i )), where the blow-up center BRn−1,0 ⊂ BFn−1×P1 is given by the
equations
zn−1,n−1 =w1 = 0.
This subvariety is invariant under the action (45). Hence, the blow-up BlBRn−1,0 (BFn−1×P
1) is equivariant, in par-
ticular, it is a toric variety. 
Remark 7.5. Consider the case of BR2,1. Proposition 3.1 tells that BR2,1 = Blpt Ĥ2,1 is the equivariant blow-up of
the Hirzebruch surface P(O(−1)⊕C)→P1. It is consistent with the fact that the blow-up BR2,1 = Blpt (P1×P1) (see
Theorem 3.3) is also equivariant. In particular, the characteristic matrix of BR2,1 is(
1 −1 0 0 −1
0 0 1 −1 1
)
.
Let b(q) := ebq (u)− eaq (u), b
′(r ) := ek+(i− j )− er+(i− j ). The following two propositions are simple to deduce from
the above.
Proposition 7.6. The weights of (C×)i -action on BRi , j at fixed point xu,k are:
{b(q)| q = 1, . . . , i }∪ {b′(r )| r = 0, . . . , j , r 6= k} \ {ek+(i− j )−eai (u)}.
Remark 7.7. If ai (u)< k+(i− j ), then b(k+(i− j ))= ek+(i− j )−eai (u). If ai (u)> k+(i− j ), then b
′(r )= ek+(i− j )−eai (u),
where r = ai (u)− (i − j ). The case ai (u)= k+ (i − j ) is impossible for the fixed point xu,k ∈BRi , j .
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Proposition 7.8. The set of all 2-linearly dependent weights of BRi , j at xu,k consists of the pairs b(q),b
′(r ), s.t.
{aq (u),bq (u)}= {k+ (i − j ),r + (i − j )} 6= {k+ (i − j ),ai (u)},
as unordered sets. The corresponding invariant C×-subvariety of BRi , j ⊂BFi ×P j is
P
1(u,q)×P1(k+ (i − j ),r + (i − j ))≃P1×P1.
Its fixed points are
xu,k , xu+1q ,k , xu,r , xu+1q ,r .
Remark 7.9. BR3,2 has 2-dependent weights at fixed points. In particular, some of these weights at the fixed point
coincide. For example, the weights of BR3,2 at some fixed points are given below:
• x111,0: (1,−1,0), (−1,0,0), (1,−1,0), (0,1,−1);
• x111,1: (−1,0,0), (1,−1,0), (0,1,−1), (−1,1,0);
• x101,0: (1,−1,0), (−1,0,0), (−1,1,0), (1,0,−1);
• x101,1: (−1,0,0), (−1,1,0), (1,0,−1), (−1,1,0);.
It is convenient to give an excessive set of invariant 2-spheres of BRi , j , i.e. some of them may belong to the
invariant C×-submanifolds from Proposition 7.8. Let Γ= Γ(BRi , j ) be the weight hypergraph of BRi , j .
Proposition 7.10. Any element of the set of invariant 2-spheres {Y(e)| dim(e) = 1, e ∈ Eu,k (Γ)} (corresponding to
edges of Γ) containing xu,k ∈BRi , j , is one of the following:
•
{
(Cu ,C〈λ ·ek +µ ·er 〉)| [λ :µ] ∈P
1
}
∋ xu,r ,
r = 0, . . . , j ; r 6= ai (u)− (i − j ),k. Weight ek+(i− j )−er+(i− j );
•
{
(λ ·Cu +µ ·Cu+1q ,C〈ek〉)| [λ :µ] ∈P
1
}
∋ xu+1q ,k ,
q = 1, . . . , i ; ai (u+1q ) 6= k+ (i − j ). Weight ebq (u)−eaq (u);
• If there exists q,r s.t. ai (u+1q )= k+ (i − j ) and ai (u)= r + (i − j ):{
(λ1 ·Cu +λ2 ·Cu+1q ,C〈λ2 ·er+(i− j )−λ1 ·ek+(i− j )〉)| [λ1 : λ2] ∈P
1
}
∋ xu+1q ,r . Weight ebq (u)−eaq (u).
Propositions 7.8 and 7.10 together give a full description of the weight hypergraph Γ of BRi , j . We remark that Γ
has neither hyperloops, nor multiple hyperedges.
Consider a connection ∇ induced by the action (45) on the edge hypergraph Γ= Γ(BRi , j ). A complete compu-
tation of ∇ is rather involved. We give only the necessary values of ∇ along some edges of Γ below.
Proposition 7.11. Let i > j > 0 and ai (u)< i − j . Then for any different k,r = 0, . . . , j and E= E
u,r
u,k one has
∇EE
u,a
u,k = E
u,a
u,r , ∇EE
u+1q ,k
u,k = E
u+1q ,r
u,r , ∇EE
u,r
u,k = E
u,k
u,r , ∇EE
u+1r+(i− j ),k
u,k = E
u+1k+(i− j ),r
u,r ,
where a 6= k,r ; q 6= k+ (i − j ),r + (i − j ). The weights at the vertices of E
u,r
u,k are 2-linearly independent. In particular,
E
u,r
u,k is definite.
Proof. Follows from the table below:
E
u,r
u,k , mod ek+(i− j )−er+(i− j )
E
u,a
u,k ek+(i− j )−ea+(i− j ) er+(i− j )−ea+(i− j ) E
u,a
u,r a 6= k,r
E
u+1q ,k
u,k ebq (u)−eaq (u) ebq (u)−eaq (u) E
u+1q ,r
u,r q 6= k+ (i − j ),r + (i − j )
E
u,r
u,k ek+(i− j )−er+(i− j ) er+(i− j )−ek+(i− j ) E
u,k
u,r
E
u+1r+(i− j ),k
u,k er+(i− j )−eai (u) ek+(i− j )−eai (u) E
u+1k+(i− j ),r
u,r
;
Here we use the identity bq+(i− j )(u) = q + (i − j ), q = 0, . . . , j . The statement about 2-independence of weights
follows from Proposition 7.8 and inequality ai (u)< i − j . 
Proof of Theorem 1.2. The claim of Theorem in case of i , j not satisfying i > j > 2 follows from Proposition 7.4. Let
i > j > 2. Suppose that BRi , j is a toric variety. Let (Γ,α) and ∇ be the weight hypergraph and the connection of the
action (45), resp. Consider the edge path
(46) γk = (E
0,k+1
0,k ,E
0,k+2
0,k+1,E
0,k
0,k+2),
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in G(Γ), where k = 0, . . . , j −2. It is a 2-face of Γ, due to Proposition 7.11. We move the edge E
1k+1+(i− j ),k
0,k along the
edges of γk (using Proposition 7.11):
E
1k+1+(i− j ),k
0,k 7→ E
1k+(i− j ),k+1
0,k+1 7→E
1k+(i− j ),k+2
0,k+2 7→ E
1k+2+(i− j ),k
0,k .
Hence, ΠγkE
1k+1+(i− j ),k
0,k = E
1k+2+(i− j ),k
0,k . Now consider the GKM-graph (Γ
′,α′) with the connection ∇′. Since γk is
definite w.r.t. (Γ,α), one has ∇|γk = ∇
′|γk . However, the above computation of the monodromy map contradicts
Proposition 6.20. 
7.2. Manifolds Ri , j . Since Ri , j ≃ R j ,i , w.l.g. let i > j > 0. The action of Ti on the hypersurface Ri , j ⊂ BFi ×BF j
given by (7) is uniquely defined from the formula
(47) (t1, . . . , ti )◦ (zi ,w j )= ([zi ,0 : t1zi ,1 : · · · : ti zi ,i ], [t
−1
i− jw j ,0 : t
−1
i− j+1w j ,1 : · · · : t
−1
i w j , j ]),
due to the equations (5) on the coordinates on BFi . The action (47) is the restriction of the subtorus of the natural
torus action
(
T
i ×T j
)
: (BFi ×BF j ) to Ri , j . Hence, the fixed point set of Ri , j is the subset of fixed points of BFi ×BF j .
The fixed points of Ri , j are xu,v := (Cu ,Cv ) for any u ∈ Fi2, v ∈ F
j
2, ai (u) 6= ai (v)+ (i − j ).
Corollary 7.12. (i ) R0,n+1 is a Bott tower. In particular, R0,n+1 is a toric variety over the combinatorial n-cube;
(i i ) R1,n is a toric variety over the combinatorial truncation cutIn−2 I
n of the n-cube at its face In−2;
(i i i ) R2,2 is a toric variety over the combinatorial truncation cutI1 I
3 of the 3-cube;
Proof. Parts (i ) and (i i ) follow from Proposition 7.4 and R0,n+1 = BR0,n+1, R1,n = BR1,n . Now prove part (i i i ). By
Theorem 3.10 (i i ), there is the fiber bundle
R2,2
R1,2
−→P
1.
This fiber bundle is represented as the fibered product R2,2 = E×T3 R1,2 → P
1 for some principal locally trivial (in
Zariski topology) T3-bundle over P1. The equivariant blow-up R1,2→BR1,2 (see Remark 7.5) induces the equivari-
ant morphism R2,2 → BR2,2 = E×T3 BR1,2 → P
1 by acting on the fibers. The structure of the fibered product in the
toric variety BR2,2 is readily computed from the characteristic matrix of BR2,2
P
1
−→BF2 over the combinatorial cube
I3 (for example, see [25]): 1 −1 0 0 0 00 1 1 −1 0 0
0 −2 0 1 1 −1
 .
Hence, the characteristic matrix of R2,2 is1 −1 0 0 0 0 00 1 1 −1 0 0 −1
0 −2 0 1 1 −1 0
 ,
over the combinatorial edge truncation cutI1 I
3 of the cube I3 (the last column in the above matrix corresponds to
the truncation facet). 
Remark 7.13. The characteristic matrix of the toric variety R1,3
R1,2
−→ P1 may be obtained from the characteristic
matrix of the toric variety BR1,3
P
2
−→P1 in a similar way as in the proof of Corollary 7.12. The corresponding map of
fibers is the composition R1,2→BR1,2→P2, of two equivariant blow-ups of P1. Hence, the characteristic matrix of
R1,3 is 1 −1 0 0 0 0 00 1 1 −1 0 0 −1
0 0 0 0 1 −1 1
 .
(The last column in the above matrix corresponds to the truncation facet of cutI1 I
3.)
Let r (q) := ebq (u)−eaq (u), r
′(s) := eas (v)+(i− j )−ebs (v )+(i− j ).
Proposition 7.14. The weights of (C×)i -action on Ri , j at fixed point xu,v are:
{r (q)| q = 1, . . . , i }∪ {r ′(s)| s = 1, . . . , j } \ {ea j (v )+(i− j )−eai (u)}.
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Remark 7.15. If ai (u)< a j (v)+(i− j ), then r (q)= ea j (v)+(i− j )−eai (u), where q = a j (v)+(i− j ). If ai (u)> a j (v)+(i− j ),
then r ′(s)= ea j (v )+(i− j )− eai (u), where s = ai (u)− (i − j ). The case ai (u)= a j (v)+ (i − j ) is impossible for the fixed
point xu,v ∈Ri , j .
Proposition 7.16. The set of 2-linearly dependent weights of Ri , j at xu,v consists of all pairs r (q),r ′(s) s.t.
{aq (u),bq (u)}= {as (v)+ (i − j ),bs(u)+ (i − j )} 6= {a j (v)+ (i − j ),ai (u)}.
as unordered sets. The corresponding invariant C×-subvariety of Ri , j ⊂BFi ×BF j is
P
1(u,q)×P1(v , s)≃P1×P1.
Its fixed points are
xu,v , xu+1q ,v , xu,v+1s , xu+1q ,v+1s .
Here 1q ∈ Fi2, 1r ∈ F
j
2 by abuse of the notation stand for the vectors having all zero coordinates besides q-th (r -th,
resp) coordinate equal to 1.
We give an excessive set of invariant 2-spheres on Ri , j . Let Γ= Γ(Ri , j ) be the weight hypergraph of Ri , j .
Proposition 7.17. Any element of the set of invariant 2-spheres {Y(e)| dim(e) = 1, e ∈ Eu,k (Γ)} (corresponding to
edges of Γ) containing xu,v ∈Ri , j , is one of the following:
•
{
(λ ·Cu +µ ·C1r ,Cv )| [λ :µ] ∈P
1
}
∋ xu+1r ,v ,
r = 0, . . . , i ; ai (u+1r ) 6= a j (v)+ (i − j ). Weight ebr (u)−ear (u);
•
{
(Cu ,λ ·Cv +µ ·C1q )| [λ :µ] ∈P
1
}
∋ xu,v+1q ,
q = 0, . . . , j ; ai (u) 6= a j (v +1q )+ (i − j ). Weight eaq (v )+(i− j )−ebq (v )+(i− j );
• If there exists q,r s.t. ai (u+1q )= a j (v)+ (i − j ) and ai (u)= a j (v+1r )+ (i − j ):{
(λ1 ·Cu +λ2 ·Cu+1q ,λ2 ·Cv+1r −λ1 ·Cv )| [λ1 : λ2] ∈P
1
}
∋ xu+1q ,v+1r . Weight ea j (v )+(i− j )−eai (u).
Remark 7.18. The condition from the third case above (“castling”)means that the numbers ai (u), a j (v)+(i− j ) are
in the sets of values of the functions f (q) := a j (v+1q )+(i− j ), g (r ) := ai (u+1r ), resp., where q = 1, . . . , i ; r = 1, . . . , j .
The number of the weights fromprevious two cases is i+ j−2, provided that this condition holds. Hence, we obtain
i + j −1 weights in total. Since dimRi , j = i + j −1, it is all of them at the fixed point xu,v ∈Ri , j .
Consider a connection ∇ induced by the action (47) on the edge graph Γ= Γ(Ri , j ). A complete computation of
∇ is even more complicated than in the case of BRi , j , so we avoid it. We give values of ∇ along only the necessary
edges of Γ below.
Proposition 7.19. Let i > j > 2. Then for any connection ∇ on the weight graph of Ri , j one has:
1) E= E0,00,1 j :
∇EE
1q ,1 j
0,1 j
= E
1q ,0
0,0 , ∇EE
0,1r+1 j
0,1 j
= E0,1r0,0 , ∇EE
0,0
0,1 j
= E
0,1 j
0,0 , ∇EE
1i− j ,1 j
0,1 j
= E1i ,00,0 ,
where q 6= i − j , i ; r 6= j .
2) E= E1i−1,00,0 :
∇EE
1q ,0
0,0 = E
1q+1i−1,0
1i−1,0
, ∇EE
0,1r
0,0 = E
1i−1,1r
1i−1,0
, ∇EE
1i−1,0
0,0 = E
0,0
1i−1,0
, ∇EE
0,1 j−1
0,0 = E
1i− j+1i−1,0
1i−1,0
, ∇EE
1i ,0
0,0 = E
1i−1+1i ,0
1i−1,0
,
where q 6= i − j , i −1, i ; r 6= j −1.
3) E= E
1i−1,1 j
1i−1,0
:
∇EE
1q+1i−1,0
1i−1,0
= E
1q+1i−1,1 j
1i−1,1 j
, ∇EE
1i−1,1r
1i−1,0
= E
1i−1,1r+1 j
1i−1,1 j
, ∇EE
0,0
1i−1,0
= E
0,1 j
1i−1,1 j
, ∇EE
1i−1+1i ,0
1i−1,0
= E
1i−1,1 j−1+1 j
1i−1,1 j
, ∇EE
1i−1,1 j
1i−1,0
= E1i−1,01i−1,1 j ,
where q 6= i −1, i ; r 6= j −1, j .
4) E= E
1i−1,1 j−1+1 j
1i−1,1 j
:
∇EE
1q+1i−1,1 j
1i−1,1 j
= E
1q+1i−1,1 j−1+1 j
1i−1,1 j−1+1 j
, ∇EE
1i−1,1r+1 j
1i−1,1 j
= E
1i−1,1r+1 j−1+1 j
1i−1,1 j−1+1 j
, ∇EE
0,1 j
1i−1,1 j
= E
0,1 j−1+1 j
1i−1,1 j−1+1 j
, ∇EE
1i−1,1 j−1+1 j
1i−1,1 j
= E
1i−1,1 j
1i−1,1 j−1+1 j
,
∇EE
1i−1,0
1i−1,1 j
= E
1i−1+1i ,1 j−1
1i−1,1 j−1+1 j
,
where q 6= i −1, i ; r 6= j −1, j .
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The weights at the vertices of E in cases 1)−4) are 2-linearly independent. In particular, E is definite.
Proof. Observe that in any of the four cases from the Proposition the edge E has vertex xu,v for some u,v s.t.
ai (u)< i − j . The 2-linear independence of weights now follows from Proposition 7.16.
We analyse all the cases by the tables below.
1)
E0,00,1 j , mod ei −ei− j
E
1q ,1 j
0,1 j
eq eq E
1q ,0
0,0 q 6= i − j , i
E
0,1r+1 j
0,1 j
ei− j −er+(i− j ) ei− j −er+(i− j ) E
0,1r
0,0 r 6= j
E0,00,1 j ei −ei− j ei− j −ei E
0,1 j
0,0
E
1i− j ,1 j
0,1 j
ei− j ei E
1i ,0
0,0
;
2)
E1i−1,00,0 , mod ei−1
E
1q ,0
0,0 eq eq E
1q+1i−1,0
1i−1,0
q 6= i − j , i −1, i
E0,1r0,0 ei− j −er+(i− j ) ei− j −er+(i− j ) E
1i−1,1r
1i−1,0
r 6= j −1
E1i−1,00,0 ei−1 −ei−1 E
0,0
1i−1,0
E
0,1 j−1
0,0 ei− j −ei−1 ei− j E
1i− j+1i−1,0
1i−1,0
E1i ,00,0 ei ei −ei−1 E
1i−1+1i ,0
1i−1,0
;
3)
E
1i−1,1 j
1i−1,0
, mod ei− j −ei
E
1q+1i−1,0
1i−1,0
eq eq E
1q+1i−1,1 j
1i−1,1 j
q 6= i −1, i
E1i−1,1r1i−1,0 ei− j −er+(i− j ) ei− j −er+(i− j ) E
1i−1,1r+1 j
1i−1,1 j
r 6= j −1, j
E0,01i−1,0 −ei−1 −ei−1 E
0,1 j
1i−1,1 j
E1i−1+1i ,01i−1,0 ei −ei−1 ei− j −ei−1 E
1i−1,1 j−1+1 j
1i−1,1 j
E
1i−1,1 j
1i−1,0
ei− j −ei ei −ei− j E
1i−1,0
1i−1,1 j
;
4)
E
1i−1,1 j−1+1 j
1i−1,1 j
, mod ei− j −ei−1
E
1q+1i−1,1 j
1i−1,1 j
eq eq E
1q+1i−1,1 j−1+1 j
1i−1,1 j−1+1 j
q 6= i −1, i
E
1i−1,1r+1 j
1i−1,1 j
ei− j −er+(i− j ) ei− j −er+(i− j ) E
1i−1,1r+1 j−1+1 j
1i−1,1 j−1+1 j
r 6= j −1, j
E
0,1 j
1i−1,1 j
−ei−1 −ei−1 E
0,1 j−1+1 j
1i−1,1 j−1+1 j
E
1i−1,1 j−1+1 j
1i−1,1 j
ei− j −ei−1 ei−1−ei− j E
1i−1,1 j
1i−1,1 j−1+1 j
E1i−1,01i−1,1 j ei −ei− j ei −ei−1 E
1i−1+1i ,1 j−1
1i−1,1 j−1+1 j
; 
Proof of Theorem 1.3. The cases min{i , j }= 0,1 or i = j = 2 follow from Corollary 7.12. W.l.g. let i > j > 2. Suppose
that Ri , j is toric. Consider the connection ∇ on the weight hypergraph (Γ,α) of the action (47).
Consider the edge path (see Fig. 2)
γ= (E0,00,1 j ,E
1i−1,0
0,0 ,E
1i−1,1 j
1i−1,0
),
in G(Γ). Proposition 7.19 implies that γ is an invariant subgraph of Γ.
By Lemma 6.17, there exists the unique 3-face G ⊂ Γ containing the edges E0,00,1 j ,E
1i−1,1 j
0,1 j
,E
1i− j ,1 j
0,1 j
. In particular,
γ⊂G and
E
0,1 j−1+1 j
0,1 j
6⊂G.
Hence, by Lemma 6.18, x0,1 j−1+1 j ∉G. On the other hand, applying Proposition 7.19 twice, one sees that the edges
ΠγE
1i− j ,1 j
0,1 j
=∇
E
1i−1,1 j
1i−1,0
∇
E
1i−1,0
0,0
∇E0,00,1 j
E
1i− j ,1 j
0,1 j
=∇
E
1i−1,1 j
1i−1,0
∇
E
1i−1,0
0,0
E1i ,00,0 =∇E
1i−1,1 j
1i−1,0
E1i−1+1i ,01i−1,0 = E
1i−1,1 j−1+1 j
1i−1,1 j
,
∇
E
1i−1,1 j−1+1 j
1i−1,1 j
E
0,1 j
1i−1,1 j
= E
0,1 j−1+1 j
1i−1,1 j−1+1 j
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FIG. 2. Subgraph of Ri , j for i > j > 2
x0,1 j
x0,0
x1i−1,0
x1i−1,1 j
x1i−1,1 j−1+1 j
x0,1 j−1+1 j
x1i− j ,1 j
γ
belong to G. This leads to contradiction, since x0,1 j−1+1 j ∈ E
0,1 j−1+1 j
1i−1,1 j−1+1 j
. Indeed, for the GKM-graph (Γ′,α′) of the
toric variety Ri , j with the connection ∇′, one has ∇|γ =∇′|γ. 
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